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CHAPTER 1

Object of the Study

In recent years, the study of the attitude dynamics of a space-

craft considered as a partly rigid, partly elastic or articulated body

[1-1]

has become of increasing importance . At first, such work did not
present such a degree of urgency, as many investigations concentrated

on rotational and librational dynamics of essentially rigid spacecraft,

f1-2]

as is apparent from the reviews of D.B, De Bra and R.E. Rober-

son[l_3’l-4I. Any elastic bbdyleffects are conspicuously absent of
V.V. Beletskii's classic book on the "Motion of an artificial satellite
about its center of mass' who writes at the outset that ''the discussion
is confined to problems which fall within the scope of the dynamics
of rigid bodies'.

Satellites became increasingly '"elastic', as booms were extended

[1"5’ 1_63 1"7}
oY as

[1-8]

large Solar panels or manned toroidal space stations are considered .

tens and hundreds of meters from the central body

Three methods are most commonly used in the study of the dynamics of the
elastic spacecraft: discretization by modeling the continuous system by

(1-9]

finite elements; modal representation; and the Likin's method of
hybrid coordinates.

The present work uses the modal approach. It is a study of the
relevant equations and parameters In the dynamical analysis of the
attitudes motion of a spin-stabilized spacecraft having flexible appen-

dages. It is principally aimed at developing working tools, such as

stability diagrams, tables or simulation analyses by means of computer



programs. These programs are of low time-consumption, and their use
is quite easy to learn. As such, it is hoped that they will prove
valuable to the engineer.engaged in the design of spin-stabilized

elastic spacecraft.
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CHAPTER 2

A Study of Modal Shapes and Eipenfrequencies of

Flexible Appendages on a Spin-Stabilized Satellite

2.1 Introduction

In order to study the dynamics of the spin-stabilized satellite with
flexible appendages, by the methods of generalized dynamics, the con-
tinuum of the elastic parts should be represented by generalized coor—
dinates 9 (i =1,2,...). The 9, are fur-tions of time describing

W
the amplitude of the non-dimensional displacements, T of boom k at

X

abscissa £E~E , in terms of modes @i(a)
w () == Iq ()0 (5) (2.1-1)
k)T i i

Wi will be (in the assumption of small displacements) along y for egua-

torial displacements (E) and along z for meridional displacements (M}

(See Fig. 2.1).

E, n, § are the geometric coordinates X,y,2z non-dimensionalized

by &, undeflected length of the boom.£, = %?-is the non-dimensional

radius of the central hub.

The system of mode shapes, @i, adopted here are the modes of the

rotating structure corresponding to the boom's Etkin number[z_ll

- o4
N = %E— wi and non-dimensional radius &, = %i : p is the {(uniform)
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lineal density of the boom, in units of mass/length. E is the boom's
Young modulus, in units of force/unit area, I is phe peometric moment
of inertialof the boom's cross section, in units of lengtha, and W is
the spin rate, in rad./sec. Thus % is non-dimensional. Finally, =,
is the radius of the central hub, at which distance the elastic boon
is assumed to be cantileveredp As will be seen, these significantly
depart in shape and frequency from those of the non-rotating structure
corresponding to A = 0 and E, = 0.

In the following, it is assumed that only antisymmetric motions

’

are considered, or that the motion of the CM awaylfrom the origin is
negligible. The latter amounts, as has been shown by F. Vigneron[zwz],
to assuming that the central mass Mc is sufficiently large for terms
of order
.2
02 &) [J w dx]?

c
boom

to be neglected in comparison with terms like

[ J w2 dx
boom

Typically, for the ALOUETTE and ISIS satellites, Ref.[Z—Z]gives the

values: ﬁ&- = 0.005 to 0.01 (copper—-beryllium booms)
c

2.2 Equations of Motion: equatorial vibrations
2.2.1 Basic equation

We shall first consider motions in the "equatorial™ plane of the
satellite, i.e. (x,y) or (£,n). These were the first type of vibrations

[2-3]

considered by this author and J.E. Rakowski .
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Any section of boom located at p, of abscissa x, 1s in rotational
equilibrium under the action of (Fig. 2.1).
- bending moment from the left, which for pure flexure in the equa-

torial plane, is
2 - -
M = —EIB ggx 1 (2.2-1)
el o z

in which w(x) is the assumed small displacement of the boom element

-
in the y-direction, and 1z is the unit vector along the z—-direction.
- the moment about p of inertia forces

» N
dF, = -p dx

in 1 rQ {(2.2-2)

imparted by the particles of the boom to the right of p, i.e.

having abscissa between x and 2.

Therefore,
2 )/ - >

£l ?:aw(XJ i} _f E“‘L’ﬁ{[ Ry~ Jcr] Ar, }
T x? X %

In terms of their components, we have

X=X
e ) T W) T= | W) wl
LA (x=x) 7 +(W(x|) w(x))J [W{()x) wx)}

T4
i

e, - Q

o - - X+ X
ILQ. = (xo"l‘x,) IX +W(xiJ iy = [Wo{xp)I:’
Q
Thus
, = Wix) +& Am,

- W(Ki){”z
W)+ 0z (Xo+x,)

0, W% )= 1y (Xo+x;)



Also

it

o~

~

CTY

(W (X.)-— )

o

Yl - (w;m;)(xuu,) - 2w, W(x,)

M

b

i, wins) - 0z 8
fsz (Xo+xl) +'m(fﬁ)
L:}x w(”l) Wy ‘:‘"("!)'-‘*:j (

Wy

\:I(Xt)vLﬁ?z(.xa’”i) Wy W(x,)-— ' :0

w(xt)) - wf w(x) + (t:)z + Oy wj) (%, +x.l)

) (b)) + (Ot w0, 02 )wlx,) +2 0y W (x)

J

2-4

-
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Under the assumption of small displacements and transverse angﬁlar

-.)‘
rates, terms of order wz, wxmy, mi, mﬁ... are neglected, and rQ re-

duces to . \
S Wik ~ wf (X #%,) - 20, WiX)
;E; (¥ (x)) - 03 W(x)) + &z (xo4) 2.2-3)
( 0 @ _wj) (%, +%)

N

-5
Finally, along lz

i X, =% W(X,)“ W(x)
- ¥ :;
- JAhr =], | co |
[( Q F) Q]z -, w(xi)ﬁwi (x°+)<l) W {x) --“3;: \“(Xt) y
-20; W(x,) S, (xo4X,)

and neglecting quantities of smaller order

B (CREATEA S AR SRR R

With the same notation as above, let £;= E— » Ny = T , O = BT 5 this

becomes

) | v .
SN [ -aed) ¢ (605019



k
Wi?h the abbreviated notation nE--E = %E;k ,.we obtain
—
k times ( :
. ?. Vv (2.2-4
T~ o, (092 (8 607 i)

Taking the derivative of (2.2-4) with respect to £, and using Leibniz's

formula, f(gl,g) being the integrand,

= ) 6=,8)- f [ o (06,0 (5 -02) -6, (1)) 45
g [ 92 (8,08)-(7-09) -6, (5,0 )] o

Teeee™ ~ r,/g i(g #E)-atis, (648)-(y-win) +
ug, ’7§g ::( *é)dé (2.2-5)
= ~dp @ (€ +8)- oA, (£,+€) - A(n-aw, /7) olt, /gg[ ()—§2)+§_1(;_§)]

The non-dimensionalization is completed by introducing the non-dimen-

gional Etkin's number[znl]
T AR Al 2
- EI T N Repyr, MR
where ©.ant is the first cantilever frequency of the non-rotating boom.

It is to be stressed that A is a constant only if W, the satellite spin-
rate, may be considered such. Equation (2.2-5) is rewritten in the form
N ' 2.
P /- ]+>\
Tegre ™ M Tes | 7 (180 & (FE)] + Ny (£7E)
"""\'7°~/\7=—°<°° (§+5,) (2.2-6)
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So far, quantities which have been neglected were of order €2 of
smallness, or smaller. Now u&z itself is of order €2, i.e. with

d¢ = uw, dt '
0. ° ‘R (L“Jz /“lz

wz T 49

if the product.x X the percentage change of w, Per unit angle of rota-

]yl

tion is very much smaller than quantities assumed to be of order .
Assuming that such is the case, we are then left with the homogeneous

Equation (2.2-6) with a r.h. side equal to zero.

Teces, Kfég[" €)+ 8 (-8)]+x g, (545,

An + D(,y = O (2.2-7)
2.2.2 Solution of the basic equation
d d
- . | I
Using separation of variables, with e d(mzt) 4
T=yt -
»
n. = &, (&) T, (t (2.2-8)
3 ] ] ) :

ARSI CORNCUIRE SR IRl
J. .

yielding
) S, — Jun
Aoz (w 'c)-_-. (w.- &)
4 cos \ ¢ s 7Y
where mj is the jth eigenfrequency of the equatorial vibrations asso-

ciated with (&., X). This equation is in agreement with that obtained

[2-1]

by Etkins and Hughes , in the special case £, = 0.



Determination of wj (or Qj) from Equation (2) proceeds as follows.
Equation (2) is linear, with & varying coefficients. Thus any linear

combination of selutions of (2) is a solution of (2).

Leta83 i be the solution satisfying the b.c.
H .

Eo: o o / 0 (2.2-9)
b 4 40
A A/ A/

and'J4 i be the solution satisfying
? .

0O 0 0 1 (2.2-10)
\ e h B
VIR S

Therefore, the desired solution, which satisfies the "built-in, free"

=0t

boundary conditions

| @) g
| ¢ Y 4 )
£.0 S ¢ (2.2-11)
£~ 0 ° (2.2-12)
is of the form
C ,J . ( . (2.2-13)
3 JJJ - 4/{b4
with C3, C4 unknown. (2.2-11) is automatically satisfied by (2.2-13).
Expressing (2.2-12)
{2y {2 ' :
Cs /5_;3)_\ ot 54 j‘;; ]g ! =0 - (2.2-14)
7 E-¢ 2 =

(3) | (3) .
(s jj} ]é;/ + C4 j‘%‘" ]g;./ =0 | (2.2-15)

P
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In order to be satisfied for non-zero values of C&’ C4, Ej should
be such that the determinant

4 4 () 40) o (2 2-;16)
G-L47 4] A4, ]3,5 /

The successive eigenfrequencies, w,, are determined to any prescribed

3

accuracy by iteration , £1 j”gZ i are determined by numerical integra-
L3 3

tion of differential equation (2), subject to b.c. (4) and (i0)

respectively.

The modal shaEes,éj(gj, which as expeéted,are defined only to an

arbitrary multiplicative constant, are determined, once Es is known,
as . 8(2)
¢ (¢)= C H.— 2id § ] (2.2-17)

g1 4f(2? by
44 ¢
2,23 Orthogonality of the mode shapes

It is now proven, that given X, E, = 0, the nmodes ¢j, ¢k are

orthogénal, i.e. | ‘
<%Jf;f>=fo GG 0k

Note that (% > f§ dg_

. 0
def ’J(} ’

Let££ be the operator

MR (-€)e £ (6] 2

R(e£ 2 -

how 1° =N
Y. % 5.2 D
EDE A‘wJ j
and o (§K)= 155: §k | (2.2-18)
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Then, from multiplying by ¢, and ¢ - respectively, and subs{racting
,}'M) g 53(4) _[ { (,#g)*f (/‘%)J[i{(ﬁz)ﬁ @f]
+>«(; E)( n)go" %“)9) l(m )3% (2.2-19)

Integrate with respect to §, from £ = 0 (root) to &= 1 (tip),

t _
) BPOF § &) 54)
fgm% igkdg" % QKL few% B

- f(l) 4:] f)&m i;j(z) f,fa)e[g

b, 89 4

T

Thus

ARE A AL TRLE

Next compute

, ., 0 0
e L) ][50 45

s 8V R 48 1 (-£) 5 [ [ 187)). 68
@ @

Terms corresponding to (1) and (3) will cancel in the difference. Terms

(2) and (4) will cancel the termsrresulting from the last term in £, in

(2.2-19).



2-11

in the 1.h. side of (2.2-19). Finally

® @

fe-6800- 808" 6, [ B2 (0808

L0754 s‘oa‘”ff-m;-f@fw 5455
& @_

Again, terms (7) and (8) will cancel in the difference. Terms (5)
and (6) will cancel the terms resulting from the last term in £,

in the 1l.h. side of (2.2-19). Ue are left with

S YR ACEAGEER

j % §k df- o (j##) (2.2-20)

<,

The modal mass, Eﬁ (> ,E0), is defined, for j=k, as
", f ‘}i & (2.2-21)
JA (L._J

in which Qj(g) is normalized to correspond to a unit deflection at
the boom's tip,£ = 1. The following quantity, to appear later, is

also of interest

mlf,_j £, (5 ds

with El = £° + £, varying between £, (root) and ED + 1 (tip). It is

(2.2-22)

readily determined when the modal shape, ¢j(€), is known.
Also, for later use, two identities are given here, which are ob-
tained by multiplying Eq. (2.2-19) written for ¢j, by ¢k, and integrating

over the boom,
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[ 89 dae. L g L L [(-§%) #26,(-5)]
593, df - jM(@go) 8% d

"‘(a, fwz)jgw Ji’kdg
- 3 k'g_i (1-8) +2£, (£) | 48

4

o B9 (508) e -] 773

(646)dE + (3745, )j 58 s

> —
§°

Thus, for ] # k

_’, §:z)§(z f f{' »{') /,_ )+2§ (1-€) Jdb-0c2.2-29

and for i = k

;[ 2@)=z2 0zl o g2y, i 2 = )
_i—{u% Q(; )a{g +4:§ _‘ij E’[{I-f)-iigo(/ 5)} 0{5_ (caJ +cj )4?5)4_(2_2 24)

2.3 Equations of motion: meridional vibrations

The developments in thé‘case of motions in the (x,z) plane, of
a boom located along axis +x in its undeflected position, or 'meri-
dional" vibrations, closely parallels those for equatorial vibrations,
given in Section 2.2. In the following, only those terms which depart
from the ones in Section 2.2 will be given in detail.
2.3.1 Basic equation

The equation expressing the equilibrium, at any sectlon "x" of

the boom, at point P, between the flexure moment from the left and the



moment , about P, of inertia forces imparted by the particles Q

of the boom to the right of P (i.e. those having an abscissa x,

between x and %, reads
o

£ e “)-ffdx £ ) ],

Now w(x) is an elastic displacement parallel to z.

(2.3-1)

Computing the

relevant quantities,

v, o= (%-%) T + (w(x)- w(x)) 7;_

Pa o
-TC"Qr- (XO'H(I) ,x + w&f) !Z
Thus ’
[ (oj w(x,)‘ )
Ea = wz(xo”a)-wxw("i)
\ ‘:l (){,) -‘ &J_Y (XO+X1)J
Also .
Ry = r__a_h(rz;})+;:f\;(ra
i j (x{)+2u‘J\y( ) - +x)(w Y, ) gk, w(x) )
Te | -0 Vx) - 26 W )+(X9+)(|)(wij+b32)+ijzW(-xi)
20 s 2 °
i (x,) - w{x‘)(w,(mf;) + (mu,)(wx Gy - wj)

T

- 2=13
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Again, under the assumption of small displacements and transverse

2 -+
angular rates, terms of order w, w w , @ . are neglected. T

2 w2, .
x'y Q

reduces to
~ 2
‘-(XD+XJ wz

Ko (Xo4x,) ©

-&?(x.) +{xe+X,) (0502~ )

F

N (x )~ W(x) X, =X
[[ma—np)f\ na] A s
| I TR (%) (Xo“‘i) e j) = (xg%,) o

Substituting inte (2.3-1), and non-dimensionalizing

?TS; PLHE (50 60 £) o6, )2 )
, 2 (g +§)} Jg

Teg = =, 1(-9) 2 508) 4 (5D (515) Lo e
+ (- g) ) 4 (2.3-2)

ol

Comparing (2.3-2) to (2.2-4), it is seen that terms tb) and (c) in -
(2.3-2) differ in the following way Irom the corresponding omes in
(2.2-4)

{b) here has a factor (wxwz - Qy) instead of &z

. . o
(c) here has a factor ny instead of n)- w ni

Therefore, with these changes, the equation analogous to (2.2-6) which

describes the meridional vibrations should be

%ggé—l 7_5%, g)u fwg)JHam ( ) o(r;::-o( ("‘k“"z"f’ﬂ@*i)

(2.3-3
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So far, quantities neglected have beén of order e2 of smallness, or
gide of (2.3-3) to be of oxder

in order for the r.h.

smaller. Now,
g%, we should have
2 T oW
dw, L4 = N X
W W,
doy | % duy/os :
dk d¢
. If such

very small compared to quantities assumed to be of order E

is the case, we are left with homogeneous equation
Rgg 15 (m80 46 ()T (545
(2.3-4)

Teegs ~
+7—o

(2.3-4) differs from (2.2¢7) only in that term - An of (2.2-7) is

not present.
2.3.2 Solution of the basic equation
After separation of variables and non-dimensionalizing time by

T = w t, the solution to (2.3-4) will be

= <1>j (E)Tj (t)

"3
sin sin :
in which T, = 0, T = w,t, and ¢, satisfies the differential
3 cos ¥ cos i 3

equation

- 1) 7 = Gl

30 _3 % L8 E(r g)]+7\ 3 )(§+§O)
4 2 d (2.3-5)

%H

As expected, this equation is the same as that obtained in (2.2-8)

for equatorial vibrations provided the substitution of

-2
o:
¢

in (2.3 5) is made fot[[fféizj] in [2.2-8] (2.3-6)
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Therefore, the method outlined in Section (2.2.2) to solve for aj can
be adopted and followed without any other modification than that speci-
fied by (2.3-6). In fact, program SEARCH DP, which obtains the first
three eigenvalues

W, W

5]

2* 73

given a pair (X, £,), iteratively solves an equation such as (2.3-5),
) T F)[ (€2 _ Y altlre
57 L[ 1(-€)+ £ (-€)] 47 (£4£,)

(2.3-7)
+ CoEF # % =0

in which the coefficient "COEF" is determined as follows:

Lase E or Case

E .M
COEF = —X(1+a§) COEFT = —XE§

2.3.3 Orthogonality of the mode shapes
Modes ¢j(€) (j = 1,2...) for meridional vibrations can be proven
to be orthogonal, as in Section (2.2<3), since Equation (2.2-19) holds

equally well in the present case. Thus

J ¢, 0,46 =0 3Pk (2.3-8)
boom .
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and we define, for case M,

m

-— 2 .
l,j déf J ¢, dE > 0 (2-3 9)
boom

m, . = J $.&. dE (2.3-10)
2,y def boom !
with £,= & + £.

; in (2.3~5), the follow-

ing relations, valid for meridional vibrations, are deduced straight-

With the substitution 5; + w2 in (2.2-8) » @
J

forwardly from Equations (2.2-23) and (2.2-24)

for j#k
LR [ R eah ()] o o

A Yoo
and for j=k . K

Y 2 1) 11} 2 196, 5;‘2 _
LI s Rl £ ) ey 5

It shoqld be noted here that for the same pair of values (X, €o) s
if (COEF)j ig the value to be given to COEF in (2.3-7), in order for

the determinant (2.2-16) to vanish, then )

COEF), _ = (COEF), , = COEF
©orr), g = ( Dy M
or

2 5 - 2 3 '
wj’E(h,Eo) + 1= mj,M(A,Eo) (2.3-13)

whereas the modal shapes determined from (2.3-7) with the value

(COEF), of COEF have to be the same in cases E and M

EZ,E ( 5:2 ‘7‘}@;5 ): %;,M. (?—:J‘g‘” 5;,“ )

In (2.3-13), if it is found more convenient ‘tg non—dimensionalize
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by a quantity proportional to the lst eigenfrequency of the non-ro-
tating cantilever boom, namely

e uy'/o
w2 (EL/pL™)
then (2.3-13) becomes

s 2 2 ¢ |
w - w " Wa,n
( é.ai) +(.___‘*’—) - ( &:E)w = (_:*_”) (2.3-14)
0 ok W o

L J
MR Wi NR "

as illustrated in some examples of Section (2.8)

2.4 Program determining the modal frequencies for equatoriai or
meridional vibrations: SEARCE DP.

" Program SEARCH DP, listed at the end of the present chapter, is
written in FORTRAN V and implements the developments of Section 2.2 and
2.3. -

The calculations are carried out in double precision, which
suffices for values of A up to about 5,000. For higher values of
X\, an arbitrary N-precision, scheme had to be used: this is described
in Section 2.7.
2.4.1 Description of the program
Number of statements (including commenl cards): about 270
Input: — 1 card giving Q = E or M?; X; £, in format (Al, F6.5, G5.4)
OQutput: 1) - A heading, specifying "Equatorial case" or "Meridional

case"

2) - The values of a "frequency" number" defined asvax
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~ Lines giving the value of determinant of Equation (2.2-16),
called here FE34 ; the value ofVCoEF , the value of index U,

number of trials in p before converging to the root oféﬁ(aj) = {

- Lines labeled KKK number of iterations, giving the successive
values of the determinant as u is chénged to obtain convergence
of the determinant to zero. The iteration stops when Myl

differs from My by less than 1074,

- A statement that "MU converged" giving the value of FE34 and u.

w,
- Aprint-out of FE34, y, A, and NATFRQ, defined as —4—

“NR
- The wvalue of the step in u, DLT, and the value of the order
of the eigenvalue, j or NOR
3) same for j = 2, 3, in that order.
2.4.2 Schematric flow chart:

The following flow chart schematically describes the main con-

trol flow in SEARCH DT,
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READ DATH '

Y

F‘: }LJP:‘ITIEL

A

COLF- COEF‘M
FUNCTIo N oF 63,

CoeF - (OLF,
FUcTION 0F W i

A k= 5,(0.¢)

Rk magge, SAHE Fon M
foy | Lrlan S
(1.C), L ‘_h

,53 ﬁﬂi |

r Y

Y

A’b‘ 5 llt{ - ')'+ AP‘
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YEs
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2.4.3 Comments

a)

b)

d)

[2-4)

It has been numerically determined that 100 steps across the
boom's length would suffice, over the range of X and £, investi-

gated, to obtain eigenvalues agreeing up to the 5th digit with

those obtained with 200 steps across the boom's length. The

"100-steps" are therefore incorporated as a 'fixed" feature

in program SEARCH DP.

A method of linear interpolation is used for finding the roots
of (Ej) = (0. The iteration on pfor equivalently the eigenvalue
to he ) stops when two successive values of y, in the itera-

tion process, agree to at least 0.1Z.

The integration method is a simple Runge~Kutta with fixed step,

having a per step error of the order of Ax3,

Using double-precision arithmetic, the number of significant
digits retained in the two terms in & , in Equation 2.2-16,
does not suffice for values of A larger than about 5,000, and |
an arbitrary precision package ("NP" - package, N > (0 integer)

had to be developed and is described in Section 2.7.

2.4.4 Listing and sample output

A listing and a sample output of program SEARCH DP are given at

the end of this chapter.
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2.5 Program Determining the Modal Shaptes ¢j aﬁd '"Masses" ml,j’ mZ,j:
MODE
MODE is a Fortran-V, double precision program determining the
modal shapes, normalized to unit deflection at the boom's tip,

, i =1,2,3
¢J(£) h|

which are solutions of Equatiom 2.3-7, in which

mj is the jth eigenvalue determined by SEARCH DP

COEF = (COEF), . = (COEF),
( )J,E ¢ )J:M

-2
1+ wj,E

COEF) .
( )J,E

i
=4

(COEF)j,M PRV
2.5.1 Description of program MODE
Number of statements (including comment cards): 158
Input: - 1 card giving IE - E or M?; i A Eo
4 = COEF (to be used in Equation 2.3-7)
in (A1, T1, 3G12.6 format)
Qutput: 1) — A heading, specifying "Equatorial Case' or "Meri-
dional Case"

2} - The values of u, = COEFj {as ocbtained from SEARCH DP),

h|
Xy Eos § (1, 2 or 3)
2
- The values of m, o, = j ¢, d&; m, .=J (E+E)D,dE;
. , sJ boom ’ boom 4

m m
9 3

ETJJq ;fl*l which are of interest in the dynamical
l!j l,j



simulation of the evolution in time of the space-
craft angular rates (mx; my, wz) and medal coor-
dinates (qj)

~ The deflection ®j(g) as a funetion of £; I, the

station index, varying from I = 1 (at the root)

I = 101 (at the tip), in steps of 2.

2.5.2 Schematic flow diagram. The main contrel flow in MODE is

as follows:

KEAD Eon HJ P'JJEJ gop c” 1

M

Ic‘oﬁf-‘: COEF; ‘CDEF: (o EFL‘\

T2 (L.c), '
k-3, ( 0 | SAfE Ay

L EK INTEGR, Fog "2
=

$ NoT NoRudLizED
4 B

\
é& o RHALIZED
*

- éd*/ §¢} (l)

i3

~

b 1 v ap MR ] T 2 N ¥ :
CUT’!NIE flhi',& 3 ‘?,i’é_) mzyjfw,}&') “\2)'}_ /’Hbr} E

Vo
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2.5.3 Commeﬁts

a) The number of steps of integration, experimentally determined to
give values of U agreeing up to the 5th digit when solving the
step size, was found to be 100. As in 2.4.3 and SEARCH DP, the

the 100 steps are a fixed feature incorporated in the program.
b) The method of integration is Runge-Kutta with fixed step. .

c) The calculations are carried out in double-precision, which
should suffice for values of A of up to 10,000. The data uj,
however, might have had to be determined with the use of "NP"

arbitrary precision package.

2.5.4 Listing and sample output.
A listing and a sample cutput of program MODE are given at the

end of this chapter.

2.6 Parametric Study of Eigenfrequencies and Modal Shapes as a
Function of A (Etkin's Number) and £, (Non-Dimensional Radius
of the Hub)

Given the design parameters A and E,s the study of the eigen-—

frequencies w,, (which normalized to Wy are noted aj, and to

* EI 1/2 mj .
Yyp = G—-:) , are noted —— } will be made easier by using several
pi wﬁR

programs described hereunder.
2.6.1 Preliminary Comment

First of all, it should be emphasized here that there is no
point in comparing mode shapes ¢j for "E" and "M", since they are
the same solutions to Equation (2.3-7), for COEF, = COEF = COEF,

i/ J,E .M’
once j has been chosen and A and £, have been given. Any slight

2-24
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numerical departure, such as described in Ref. [2-4], 2-5] could only
result from the inaccuracy is determining the eigenfrequency (0.1%
relative accuracy on H, in program SEARCH DP). Only the eigenfre-

-

quencies mj L’ Ej M corresponding to these modal shapes will be different.
3 1) .

2.6.2 Program computing dynamical parameters, given N,Eo: PARAM.
Program PARAM, written in FORTRAN-V, will permit to get a quick

look at various relevant dynamical parameters, given Q = E or M, A

and E,, namely

m +
1,j

2,3
(mZ/ml)j | and j = 1,2,3

2
(mzfml)j

and also the sum over one, two, three modes

5"
d

a quantity to be used later in this work, It will also plot the
mode shapes (up to j = 3) in the computer printout.

The data entered are

mj M (3 = 1,2,3) obtained from SEARCH DP,
]

case M {NDS = O)

A
Eo
The program basically computes Qj(g) and

the relevant integrals, my 3 m2 3 atc... as defined before.
- 4 s
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A listing and a sample output of program PARAll is given at the

end of this chapter.

2.7 Arbitrary Precision Package: MP (for use on 0S) and P (N-

Precision Package), in Fortran.

2.7.1 Motivation

[2-4]

An earlier version of SEARCH DP had been written to alle-
viate a problem of numerical‘stability at large values of % (higher
than about 5,000). This version used on IBM-library multiple precision
(MP package).i It was found, however, that this package was unavailable
in a TSS enviromment. Therefore, an arbitrary precision package (NP)
was written in Fortran V, and used for finding the eigenvalues aj

at values of X, and the accuracy of determinant & in Equation (2.2-16)
will be critically affected when taking differences of very large
numbers.

MPAP (Multiple Precision Arithmetic Package) is present in the
Internal Library of the IBM-360. The routine calls on specialized
subroutines to perform floating point calculations with precision
to be specified by the programmer (typically, here, quadruple pre-
cision was required).

MP-SEARCH, as used in Ref. [2-4], and MP~MODE,3T€ thus basically

MPAP versions of SEARCH and MODE. Their one disadvantage, as expected,h



2-27

an increased running time, of the order of 1,5 minutes for eigenvalue
(iRM/360). TFor this reason, it is important that the eigenvalues or
modal quantities of MP-MODE obtained for high A be stored for later
use in the simulation (Option MG1V = 1 in program FLEXAT, see Chapter

5), and that interPolation be used whenever possible.

2.7.3 Multiple precision in TSS: MP-package
Written in FORTRAN for case of conversion to any machine, N-PRLES
is a multiple-precision arithmetic system for scientific calculation
It may be used on any machine which stores one integer per work, where a
word dis 2 31 bits long.
2.7.3.1 Short description of the program
2.7.3.1.1 Representable numbers.

Let N, M be integers
2 N =16

All numbers in the program are considered floating point constants of
+ N precision, expressed in scientific notation. Thus, for X = 3, or
precision 4N = lZ,lwe could have

.371246875003%10%%8371
The exponent must always be an integer, positive, negative or zero
and less than or equal to 4 decimal digits long. Thus a number such
. lO_-I_-DlDzD3D4

as i-d1d2"'d60

2.7.3.1.2 Internal Storage (Multiple-point, floating)
The mantissa is stored 4 digits to a word, in "N" digits.

The exponent takes up the N+l _tion (Any 1 £ N £ 16)



2-28

Example: for M =3, N = 2

8.4326 x 107 = .84326000 x 10°

6.0 X 104 = .6 X 102

represented as
NUMBER 1 NUMBER 2
3 6
4 0 Word 1
3 0
2 0
6 0
0 o Word 2
0 0
0 0]
0 0
EXPO~> 0 0

0 0
5 2

‘All operations are designed to handle such units, called N-CONS (for

N constant).

2.7.3.1.3 Quick

Name

INIT
INPUT
OUTPUT
CIN
CNI
CFN
CNF
NABS
NPWR

NSCL

guide to operations and subroutines

Subroutine Function (all operating with N cons)

Initialize the N-precision system
Input
Output
Convert integer to N-CON
Convert N-CON to integer
Convert floating point to N-CON
Convert N-CON to floating point
Mem(Add) < ABS[Mem(Add)]
Mem(Add) <+ [Mem(Add)]#xP

‘with P a parameter to NPWR
Mem (Add) <« [Mem(Add)]x10%%S

with S a parameter to NSCL



Name

NCMPR

CopPY
RENORM
SHIFT

PUNCH

FDIY

MADD
MSUB
MMUL
MDIV

Subroutine function (all operating with N cons)

if Mem(Add 1) = Mem(Add
if Mem(Add 1) > Mem(Add
if Mem(Add 1) < Mem(add

v

with A, B, parameters
Mem(Add 2) < Mem(Add 1)

Internal use only

Output to punch
Mem(Add) « Mem(Add)=%I
I= Iinteger| 2 1limi
Mem(Add) < Mem(Add)/F
F = floating point
Mem{Add 3) « Mem(Add 1)
Mem(Add 3) + Mem(Add 1)
Mem (Add 3) + Mem(Add 1)
Mem(Add 3) <« Mem(Add 1)

2), A=8
2), A> B
2), A< B

to NCMPR

t

+ Mem(Add 2)
Mem (Add 2)
Mem (Add 2)
/ Mem{Add 2)

El

2,7.3.2 Some examples of N-precision programming

2,7.3.2 Square root

A.

Algorithm: Newton-Raphson

~

Let B VA , With 0ld B = 1

1, A
2 0ld B

the B + 0ld B)

If Abs(0ld B =~ B) > Bx10%# limit
0ld B=3B

Else done

2-29
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. "Fortran Progarm:

Limit = - 12
Read (5,1)A

Format (F10.2)

0ld B = 1.

B = (A/01d B + 014 B)/2
X = ABS(01d B-B)

Y = Bx10%%Linmit

If (X, LE, Y) G TQ 3
01d B = B

GO TO 2

WRITE (6,4)B,A

FORMAT ("', F10.2, 'w IS SQUARE ROOT OF, F10.2)

STOFP

END

N~Precision Program Comments

IMPLICIT INTEGER (A-Z) , (all N-cons.)

CALL INIT(1,4) (16 digits of precision, N=4)

CON V = =12 (1imit)’

A=1 .

B =2 (Allocation of variable
names to N-con addresses)

01d = 3

WO = 4

X=235

¥ =6

JHALF = 7

CALL Input(A)
Call NSCL(A,1)

CALL CIN(TWOD,2) {(N-con at address TWO containsg
the value 2)



Call CIN(01d B,1)

Call
Call

Call
Q=

Call
Call
Cali
Call
Call

Call
Call
Call
Call
Call

If (I,

Call

CFN (HALF,.5)
Output (HALF)

Output(A)

1

MDIV (A, 01dB,B)
MADD (B,01d B,B)
MMUL (B,HALF,B)
Output (B)

oM

MSUB(B,01d B,X)
NABS (X)

COPY (B,Y)

NSCL (Y,CONV.)

NCMPR (X,Y,I,J)

LE. J) GO TO 2%

COPY(B, 01d B)

GO TO 1
CONTINUE

Call

HM

(Write out results)

2-31

(N-con. at address '0ld B'
contains the value 1)

(Half contains 0.5)

(Conversion OK; print
and check)

(Print input number)

(Iteration Counter)

(B = A/014d. 1)
(B = B+01ld B)
(B = B%.5)

(write partial answer)

(How many subroutines called
so far. Print it outp

(X = B-01d B)

(X = Abs X)

(¥ - (B))

(Y = (Y)%10%% CONV )

(Result:

IfX>Y,I>J
X<¥, IxJ

X=Y,1=J)
(IF (ABS (B-01d B).LL.
Bx10%%CONV) gq To 2
(01d B = (B))

(Done!)
(How many calls)

2.7.3.2,2 Conversion of a statement from STARCH np
Consider the FORTRAN statement of SEARCH DP:

IF (FE34#DECID) 52, 51, 50 -
The N-PREC. translation would be
CALL MMUL(DECID, FE34, TEMP)

CALL NCMPR(TEMP,ZER0O,I,J)

If (I.LT.
If (J.EQ.
50 CONTINUE

J) GO TO 52
J) GO TO 51
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2.8 Results from programs SEARCH DP, MP and NP
The frequencies aj (normalized to w, = 1) for j = 2, are given

for case M. Those for case E are immediately obtained from

_2 ~2 1
w = , -
E,} LuMsJ 2
3 m2
Also given below is the quantity jE ;rij-, which will be of special

1,3

importance in Chapters 4 and 5. The first non-dimensional frequency x

wy ¥ pﬁ“/EI is also represented, for cases E and M, and various

values of E,, on Fig. 2.2.



CASE M - FIRST NONDIMENSIONAL NATURAL FREQUENCY
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0.00 0.10 0.25 0,530
0 3.681 3.703 3.734 3.787
5 1.913 1.953 2,013 2,107
10 1.555 1.605 1,675 1.788
20 1.339 1.395 1.476 1.601
30 1,256 1,316 1.401 1.531
50 1,183 1.246 1.335 1,469
100 1.120 1.186 1.278 1,417
200 1.081 1,148 1,242 1,385
. 500 1.050 1.118 1.214 1.358
1000 1.034 1.104 1.201 1.346
3000 1,021 1.091 1.188 1.339
7000 1.016 1,087 1,184 1,329
10000 1.013 1.083 1,181 1.327
- I
NOTE: LLOE = EJMZ-I
() = 310 (E1)"
. A
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CASE M « SECOND NONDIMENSIONAL NATURAL FREQUENCY 52 :wz/w&.

0,00 0.10 0.25 0.50

1 22,18 22,20 22,23 22,78
5 10,236 10.276 10,339 10 . Lu7
10 7419 7.476 7.561 74703
20 5. 546 5.624 5.736 5.921
30 4,760 4,849 4,981 5.191
50 4,023 4,128 4,281 4,523
100 3.364 3.488 3.665 3.941
200 2.976 3,113 3.308 3,606
500 2,707 2.855 3,060 3.373
1000 2,603 2,754 2,964 3,282
3000 2,520 | 2,673 2.886 3,195
7000 2,490 2,644 ' 2.857 3,178
10000 2,482 2.635 2,849 3.171



2
m
2,l/ml,1

{OWE MNODL)

EO

5 0.00 0.10 0.25 0.50
0 0.3233 0.4190 0.5810 0.9250
10 0.3249 0.4212 0.5893 0.9325
20 0. 3260 0.4231 0.5929 0.9400
30 0.3268 0.4246 10.5957 0.9457
50 0.3280 0.4268 0.5997 0.9538
100 0.3297 0. 4301 0.6056 0.9652
200 0.3311 0.4330 0.6111 0.9757
500 0.3323 0.4357 0.6165 0.986!
1000 0.3328 0.4371 0.6194 0.9916
3000 . 0.333! 0.4385 0.6224 0.9950

{0000 0.3332 0.4392 0.6241 - 1.001
A= A= A= A=

C0.3333 0.4433 0.6458



MONDIMENSTONAL DLYMNAMICAL PARAMETERS

SUM OVER 3 MODES

2--36

3 Eo 0.0 0.10 0.25
10 0.3328 O,4401 0.6336
100 0.3329 0,440k 0.6345
1000 0,39%2 Q. Wl n 0.63066
A= 0.3333 = 00,4413 A= 00,6458
m 2/n (om\: MODE)
2,1 77"1,1 -
EO
T 0.00 0.10 0.25 0.50
4) 0.3233 0.4190 0.5810 0.9250
10 0.3249 0.4212 0.5893 0.9325
20 ~0,3260 0.423] 0.5929 0.9400
30 0.3268 0.4246 0.5957 0.9457
50 0.3280 0.4268 0.5997 0.9538
100 0.3297 0.4301 0.6056 0.9652
200 0.3311 0.4330 0.6111 0.9757
500 0.3323 0.4357 0.6165 0.986|
1000 0.3328 0.4371 0.6194 0.9916
3000 0.333] 0.4385 0.6224 0.9950
10000 0.3332 0.4392 0.6241 " 1.001
A= A = A= A =
0.3333 0.4433 0.6458 1.0833
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THIS PROGRAM CALCUIATES THg MODE SHAPES

GIVEN THE EIGENVALUFS,LAMBnA, ANp

€ THIS PRI
j  REVERSED
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TDnUBLE PRECISION K41, ,Lt4),M{4),PL)
PDIMENSION EG30101),E4¢1014ynBPT(IAL),BPT(IOL)
DATA/LEIIHE i
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CHAPTER 3

Application to Some Problems of Satellite Dynamics

The present chapter considers the use that can be made of the
reéults of the previous chapter in some problems of interest in
satellite dynamics[a_ll. A first field of application is in studying
the nutational divergence of a satellite equipped with flexible appen-
aages, but this is the topic of Chapter 4 and 5. Ve shall be con-
sidering here some other problems, such as the simula;ion of free

oscillations, thermal flutter and variation of the spin rate due to

the booms motion.

3.1 Simulation of free oscillations

3.1.1 Generalities
Tn a motion of type E (equatorial) or M (meridional), the free
oscillations can be simulated in the following manner. Given N nodes,

éj(E), £ = 1,...N, with associated frequencies aj, and given an ini-
‘ t ..
tial distribution of displacements and velocities (t = —é325

1/ug
p60) 0,6 57,69 - (), - .1

the displacement is written as a sum of modes

JE J ¢
Then
C,= L “IP(g C}Lg
iy 114
s .t 0o d(e) d8
nmk}gh Nowm ’

As an example, Figures 3.1 and 3.2 are meant to illustrate that



starting with an initial shape identical to the first mode at X =10,
£o = 0.1, with no initial velocities, the stationmary wave which exists
in this case cannot be maintained if A is changed to 100. Not only
has the frequency changed appreciably (Ti ig the period of the first
mode oscillation for A = 10, £, = 0.1), but the second mode is present
to an appreciable extent.
3.1.2 Application to Satellite UK-4

From data received through NASA GSFC on satellite UK-4, we com-—
puted the eigenfrequencies and modal shapes for satellite UK-4. This

satellite has the following physical characteristices:

U¥=4 Computations‘

w_ o = 30 rpm; 15 rpm; 6 rpm.

‘0.00058 1b mass/in'

p=]
i

5.8 x 107"

AR 10% x .45359 kg/m

1.036 10> kg/m



EI = 103 1bf % in®
= 103 x 4,448 newton in?

~4
= 103 x 4.448 x 2..542 x 10 newton m2

- 2.869 newton -m?
- X, = 11.6 inches '
R | = 276 inches = 7.0l m
€, = Ja = .062
L0 = 18.348 slug f£t?

1 slug = 14,5938 kg mass
1 = 18,348 x 32.1741 x .4539 kg ft?

m 24,876 kegm?

= 17.41 slug ft2
I}:11 17.41 slug ft
o o & 2
th 16.54 slug fr
‘ T 2 pt
ELKIN'S NUMBER: X = w =
. 8 EI

T 2= 30 x 22 X ) -2 (7.01)Q
230 rpm G——ga~”“) x 1,036 x 10 © x 5o

It

(3.141592)% % 1.036 x 1072 x 7.01°/2.869

it

86.06
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_ 86.06

1
x15rpm I(X)BOrpm 4 21.513
iy . 86106
AGrpm ~5g5 3.44
Data for programs:
A = 1; 3.44; 10; 16.8; 21.515; 50; 86.06; 100
&y = ,042
iﬁ determined from
I 1 y I
i
(GR - -0yl 20
xh . yh ° Ip'
giving .
I h '
=% = 1.0767
I
P
Results (see graphs)
Graph 1: Resonance on thermal flutter at /f = .4 or X = 16,, 1.e. at spin rate

N = 1.35 rad/sec = 12.9 fpm

= W
8 1,rot

Graph 2 : Mode shapes -

ws=6;15;30 Y.P. M.



SATELLITE UK4: ATTITUDE STABILITY .-

+ 185% 15 RPM

'TMﬂeI: Case M
w{rpm) 6  10.2 13.25 15 22.8 30 32
x ‘ 3.44 10,0 16.8 21.515 . 50 86.06 100.0
YA 1.84  3.162 4.1 4. 64 7.07 9,28 10.0
on, P57 4,08 4.98  5.76 6.24 8.56  10.75 11.48
: mhl , 1.38 ° 1,685 1.945 2,11 2.895 3.63 3.88
Table IT1: .Cage [
w{rpm) 3.23 6.0° 10.2 13.25 15 - 22.8 30 32.3
X 1.0  3.44 10.0 ~ 16,8 21,515 50 86,06  100.0
Vi 1.0 1.84 3,162 4.1 4.4 7.07 9.28 10.0
wy, YRR /ET 3.55 3.64 3.85  4.05 4.18 4,82 5.44 5.64
wy, (H2) 1.2 1.23  1.30 1.37  1.415 1.63 1.84 1,405,
Yoo"7/ET = V8.715 = 2.96
Resonance on Thermal Flutter at Ji. = 4,00, X = 16.0
W, = w = 4,0/2,96 = 1.35(Hz)
= 12.90 rpm.
Kp > 1 Ne posigrade rgsoﬁancé _ Var. of spin rate for 107 deli,
Mo nutational instability |.57% 30 RPM
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Fig. 3.3 represents the first mode of vibration for the three
values of the spin rate being contemplated. Centrifugal effects are

- noted as Etkin's number )} is increased.

3.2 Resonant thermal flutter
3.2.1 Determination of resonant frequency

It has been shown by Etkins and Hughes[B-E]

that assuming a
relatively simple model for the boom's thermal curvature,ﬁTO (inde~
pendent of &) due to the sun's heat input during the spinning motion,

the steady-state oscillation of the booms would be described by
.::.-j C C\L E"&
'?j' J‘To <o o( o)
In order to find for which spin rate w_ the motion will diverge (have
an amplitude tending to infinity), these authors solved equation

for boundary conditions,

EC0) = 0 E'(0) = 0 E"(0) =}LTO E"'(0) = 0

and Vury-i until very large values of &(1) are.observed. The analysis
was limited to satellites of zero radius.

[3-1]

An alternative approach was proposed , which is recalled

here. If in Equation (2.7- g8), we let w; tend continuously to ms along
the eigenfrequencies curves Gl(i, Eo); the spatial part of a solution
to Equation (2.2-7 ), normalized to unity at the tip, satisfiés b.c.

¢(o) -0 $'o)-0 4 )=0 ¢()=0

In order to also admit boundary conditionms 0,0 for the zeroth and first



derivatives at £ = O,JE 0 for the second the third derivatives at

TO’
£ =1, ¢(X, £.) should be scaled up by an infinite factor, i.e., the
amplitude at the tip tends to infinity. Thus, resonance on thermal

flutter will correspond to the intersection of the curve, for given

£o 5

o (£1) -4 ()

E3:

with the bisectrix of the first quadrant (Fig. 3.4)

No thermal flutter resonance can occur for
w) ég;ﬁo.?
E) second or higher modes

as is shown on Fig.2 .2.

3.2.2 Application to UK-4
Using the above data for UK-4, the thermal flutter resonance
point was found at (Fig. 3.5) |
V=60 (§,=0.042)
and for the physical characteristics of the satellite, this translates

to

e o= L v 1230 g domn.
h%,w$uJ.” 135 iz % \

a spin rate to be avoided for steady-state operation.

3.3 Variation of the spin rate due to the free oscillations
3.3.1 Method of calculation
It is often of interest to satellite users to know what amount

of spin rate variation can be expected, due to the vibrations of
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" the boom. The equatorial vibrations will cause a very slight varia-
tion of the spin rate described by

diws 7
i {

where T is a torque due to the moment at the oot of t ° boom and to
the she r force acting through the central hub radius. This is de-

scribed in non-dimensional form by (EEm*t) E |

di / i
N I — T
T Tge, £ 5

3
f——a S Dag 1
a x0T

[}

il

[

T = [» _£ m.
4 75~ & fﬁgglsm ;
. . pl
or, after integration, and with T dE , ,
ef Ih
ub !
! (B s |
% = Ff Tdv (3.3-1)
. o - .
S Jpan ff’]m A :

in which ?* is the value of T maximizing the integral. This value
can be obtained using a program such as SIM, which is listed at the
end of this chapter.
3.3.2 Application to UK-4

Using the above data for satellite UK-4, the maximum variation
of the spin rate for an assumed 10% deflection of the boom was de-

termined to be

0.57% at W 30 r.p.m.

0.755% at W 15 r.p.m.
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Ve
Ve
e
e
4
// '
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¢-0}7 . 40_ 820 _ 12: 0 5

FIG. 3-5. RESONANCE ON THERMAL FLUTTER: UK-4,
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PROGRAM SIM

LISTING



'- $DUP E730MR18, »PRINT,BCD
T _soup ETI0HRLEy pPRINTRD o

SUBROUT INE' STM{NDS) R
5 ‘l'——‘_’D‘UUB'tE“P RECTSION MUTXNOGY NG 7w
| REAL NU e S PRSP IPTEE LTS e e e

@ " T INTEGER SAM
C . e s im——— R — T S [M N —_— e rome A . e e P P e e m e ' - I

P

c : T
. C THIS PRIGRAM COMPUTES THE DISPLACEMENT OF THE FREELY VIBRATING
FROM A GIVEN

T —ROTATING BOOM AT SPECTFIED STATIONS, 'STARTING
C  DISPLACEMENT INITIAL CONOITION o e o

e
I‘ C IT COMPUTES THE NONDIMENSIONAL SPIN VARIATLON AND TNDUCED NUTATION
L OR WERIDIAN BODM (SEE NDS BELOW)

T ANGLE FOR EITHER THE EQUATORIA

~

L

COMMIN/DNE7ZMUTLAM ¢ STOPRGAM AyPKeNUs XNOYND

' ‘ DOUBLE PRECISION COR,MEL,ME2 .
DOUBLE'PREC[SION'P[&i,K(4),M{4)§L{4)'E3{101!;E31P(101).E32P(101){

1E33pt101!.534?(101:.54t1011,541P(101),qupt1011,543pt101).

2E4L4P (101 )y A9 By CrEgAD,BO+LTHEDY S T m T

4510,S81

UUUSCE”PREErerN“EDA12TTEIGrzT”“““
REAL H.NN,LAM ~

MH__WQTNTEGERW!iD;N;Z{,MNIMT;INTER,WmH,M_MW.”“m,Jmmﬂm" e

_ DOUBLE PRECISION ELSM3([2),ELSMA(2)
2 T TpousLE PRECISION EMUM3(2]7EMDM4(2)'ESHRB(ZHESHRQ(Z): :

-l* 1RMQM3(2),RM0M4(m,RSHaaiz),RSHaqtz),BPTtlol,zy.rFac1z1. .
"CUFDrS{Z?zd;nLFA(ZJ;”””‘"meat101,2),me4(101,21.aETntza.Mul o

o . DIMENSION AA(ZHZ),BBB{Z),CCCIZS,GAMA‘ZJ'CCZ(Z} _ o
- t TTTINTEGERT PPPL2) .QQGL 2} ' ‘ o T

I il
J e EE DLt et o ner o 85 7 VB S a1y e s R S S

DOUBLE PRECISTON RTORK, [_.)TORK,ED_AZPlgEDABPVI I S

REAL DLTT,MOUE

Ip____m___,seﬂﬁtltzRGAMa . o .
; GRMALLLZROA a S

E [ G ! 1 } = MU i o - immima. rm emr WA iR e e R omm e S SSurEmOS s T S M e e - - e = -

u’f‘_—#—wﬂ_—WE'I' G(2)=0. ‘
_ CUEDACLIEXND e e e

TTTTTTTEDA(Z ) =YND
[END=1 : e X e

' MAXT=2T7
$TP=25. e e e

T—L—#—HHNR;—;ZM e e e
';__ Cxex THIS PROGRAM USES REAVE_RSED_{NTEGRAT ION ONLY L

T WRITEL 69 300) : ,
300 FORMAT { *OS TMUL AT ION E’\ITEREU'_l o -

-l"\"""'_f"—l\flj'ﬁ"_?‘u'[ RECTION SWITCH

~ NDS = 1 IN PLANE, = G OUT OF PLANE - ,.W;WHMWMWMW_“,”U -

-

s SET IB8IG=1 TO READ BIGMODE 1 ONLY
IVARSL e e e e

' TTTTTTTTTTTIBLGE o B - o
’ IFIRST=1 4 o

KK=1

I I N —
T i
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LS ANFR{= =SQRT (LAM)

WRITC (6,60} ANFRQ

60 FORMAT(IH 4 'NFRQESURT TAMSV FI0.5T
l 99 $i=0,
C

C__CLEAR ARRAYS

TE-_-.—— ——ne =~ - e e ettt e i o e et oo ,I,‘v,.__ e ot e e e e e e
DO 31 I=1,4 | _ |

K(I)=0. :

K JLiLr=0, . - e
‘ MEII=00 | | |

31 P(I)=0.

—_———— T . . e — f—

- 00 1 T=1,101

_I E34P(1)=0.
E44P (1) =0
E33P(1)=0.

-—*l—\ E43P ( I ] - U . PS—— T e e e e ——— et e+ S e e
EBZP ‘ I ) O ot — g - . . — ‘-_. t e v — . - - - - - - - ———

E42P(1)=0."

] E31P(1) =0, — e et e
llf E4IPTTY=0. ' |

E4(I1)=0.

1 E3(IV=0. -
-I H=l./FLOAT{NINT) “ o
D=3
8 IF(D.EQ.4) GO TO 2

l\ BD-—O . . N - A e = s ey

Y 2 CO =0 . - ’
' AQ0= tﬁlp‘l}

B0=0.

.T___.__ EU O ) —— —_— I e ——— s ,.!___._... e e
‘ 3 A=AQ ) _‘ B i ]

- . _.C=Co0 e e
- N= N . _ — N
m & I=1 o T
" NN=N ) — . ' —

SI={NN-1.)%*H
5 KfL)=H%A

r- -mL(I_ )- =H * B T e e e e e ———— e e e e et
L2 MOT)EHEC e e

MUL=1+EIGIKKI*EIGIKK} =~

» IFI(NDS.EQ.1) GO Tg“g_g_m___w__ _ ‘ o i
| MUL=MUL1-1.

40 PUI)=((=SI*ST+2.%ST*(1.+SI0)) /2. #8

_i"" 1+(1.—SI+SIOI*A+MUL*EJ*LAM#H ST T




' SI=ENN=1.)%#H ey
Lk e .
IF(1.GT.3) GO TO 6
Z=1=1 ‘
 E=EDK(Z)/2. ' i
e
i ' B=BO+M(Z) /2. | e e e
c’=c0+p { Z }IZ -_ o f f mmam am M ——— e = % e % AARAAAR R R mEemem e = e THTm o r Co R LM mar e rmmees e an oGS ooSSES S
SI=Si+H/2.
675
E¥E0¢K13J”““

A=AQ+L(3) i
B=BO+M(3} T

C=CO+P(3)

"S’HH
J soros | -
__“W(DEQ4FEMUW“_“—_”” T T oTTT T T
SI=NusH

e — e
- E3LZ)=FE3(NI+(K (LI +2. %K (2)42.%K[3)+K(4)) /6.
T EILPUZYSEITPINIF{L (L Y42 oL (2 )42 5L (3 ) 4L {4) )/ 6. T -
E32P(Z)=FE32P(NI+{M{L)+2.%M{2)+2.&M[3)+M[4)) /6. o
TTESIE(ZISEIZRNINIH(PLILI42. 2P (24 2. %P (31 4P (4) ) /6. o o
E34P(Z2=LAM®({{STD+1.)#%2-{1.-S1+S513)#%2) )
T 1¥E32P(Z)/2.+(1.—51+510)$t31ptz;+mu1*t3(Z}1 ‘ ) ‘
_l_ E=E3(N+1) L o
TTTATEFIPINGTY B ' - e o B
. B=FE32P(N+1) . e L

TTCEEIWINGLY T
AO:A P aa] - . . e - . i — . — e L R E 2 e e - u.” - .—— .. ‘
“BO=6 ’ '

g Fo=E e
—co=C e -

N=N+1 v SO
TLEINGLTSINTERY GO TQ 4

j EMOM3{KK)=E3{I[NTER)

T ELSM 3L KK I=E32P (1) '
RMOM3{KK)=E32P( INTER)

‘1'““ESHR3(KK)-E33P(1n‘"“ e - - I
RSHR 3(KK )=E 33P ( INTER) e

=00 28" 1=1, 101 e
8 MMX3U(LL,KKY=E3 (L) DT

D=4
GOTO 2

¥ ST=NN#H
|
TR E4(Z)=E4({NI+(K{1}+2.%K(2)+2.*K{3)¢K(4)) /6.

_ E4IP(ZI=E4lPIN)+{L{L)+2. %L (2)+2.3L(3)+L{4&)) /6.
"Il”“”tazpizz=54zplN)+tM(L)+2.*Mtz)+2.tmc3)+mta))/6. o T
E4IP(Z)I=E43P(N)I+(PLL)+2.%P(2)+2.%P(3)+P(a))/5.
E44P(Z)=LAMB{((STO+1.)%2-(1.-SI+SI0)*%x2)
L#*E42P(2) /2.4 (1.=ST+SI10)*E4L1P (Z)+MUL*E4LZ))
’l"‘—‘ E=E4{N+1)

_;]l S mm‘uuu-uu ..“.“j._“.“, —;‘-_";0“~—;%M;““.:
4_ll_¢ff - e e e e '_"“:;l;:j‘ié




e AsERALPINeY e e e e e

B=E42P(N+1)
C=E43P(N+]1)

o e —— —— - —

TED=E =
T —_—— AO- - - S R . - — ___._____,-.,____ S — -
BO=8 '

CO= ,ET . I L _ ) o . e e e
Il N=N+1
T IF(N.LTL.INTER)Y GO TD 4

. EMOM4G (KK} =E4 (INTER)
. _ELSM&4[KK)=E42P (1) i L e I
: ~ RMOM&4{KK Y=E42P ( INTER)
ESHR4 (KK )=E43P (1) o o o e
T RSHR4{KK)=E43P{INTER)
D0 29 I=1,101 o e

29 meZTTTRR}EEﬁifi

ALFA(KK)-EM3M3(KK]/EMOMQ(KK}
BETA(KK)= MMX3{1;KK} ALFA[KK}*MMX4(1 KK)

. GAMA (KK} =ETG (KK ) *SQRT {L AM ) T o
l DO 102 LB=1,101 N L e
‘ CL=igz2=0s

102 BPT(LL,KK}={MMX3(LB, KK}-ALFA(K()*HHXé(LB,KK]}IBET&(KKJ“_“M o
R e
DO 216 [=2,101 o ) S o
216 SUM=SUM+(BPT (T, LV4BPTII=1y1) /2. #({FLOAT(I}=1.5)*H+SIO) *H
ME2=SUM
l SUM=0. -
, DO 218 =2,101 o
o 218 Sum= SUM+{BPI{I;1)**2+BPTII Ly L)%%2) /2,81

: CUR MEZ*MEZ/MEI

IF(IFRST.NE.L) GO TO 92

¥ EDACL) =BPT 51,1
.l EDA(2)=BPT(10L,1) e
97 WRITE(6,98) EDA( L) yEDA(2)
98 _FCRMAT{LH ,*INITIAL DISPLACEMENTSY,6X,F12.6,3X,F12.6/)
WRITE(6,105) MEL,ME2,COR,NDS
105 FORMAT(LIH. .'ML-'.sz.,,BX:'MZ 1#D12.643X,"COR= * 4DL2.6y
\ 13X, " NDS= V3 137)
ll_waZIF([BIG NE.1) GO TC 73 S
, GAMA(1)=EIG{1)*ANFRQ

GAMA(2)=0.

S —
| CC2(2)=9 o o

ALEA( 21=0.
W _RMOM3(2)=0.
l-— . RMOM4(2)=0.

_RSHR 3(2) =0.

i Ronralahio O
] .'___“ELSMHZI-O. | ) N _

- ELSM4{2) =0, o

: e JESMRIU2V=0.

%Ii“ EIG(2)=0. - e

u““ ’



73 DO 213 [=1 '2 R - - . e o e e . P P ey mem -
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CHAPTER 4

Simulation of the Motion of The Central Rigid

Body and its Elastic Appendages

4.1 Introduction

In the previous chapters, the problem of determining the modal
shapes and frequencies of the rotating structure was examined, and
applications were studied in which these modes are utilized.

In the présent chapter, equations of motion are written for the
generalized coordinates representing the flexible structure and
for thé angular rates of the central rigid bedy. A simulation of
the spacecraft motion is then possible. Various cases of simulation
are examined,land the effect of modal truﬁéation and of nonlinear

terms is discussed.

4.2 Modal Equations of Motion: equatorial vibrations (Case "EY,
for equatorial)
4.2.1 Constancy of H.

In what follows, it is assumed that the motion of the center of
mass of the spacecraft is negligible (or that only antisymmetric
motions of the booms are considered) and that the "limited approach”
is taken[”—l], i.e. the motion of the spacecraft's center of mass in
inertial space can be determined independently of the attitude.

If over the time of interest, i.e. a few tens of spin periods

or so, the torque-impulse due to all environmental attitude per-

turbing torques (gravity-gradient, solar pressure, magnetic, etc.) can
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be considered as negligible, then very sensibly the moment of momentum

>
H about the center of mass remains constant:

o= ﬁ(o)_= constant vector (4.2-1)

in which ﬁ is the wvalue of ﬁ at t = 0.

4.2.2 Representation of the elastic appendages
Consider a particle of a boom,having non-dimensional abscissa &,
located along axis +x in its undeflected position. Its elastic dis-

placement, n = wix) , is represented in terms of the modes &, 6 (£ =

£ ]

Eg Y]

).
b= 5—_‘ ‘15 (Ej é'(g) | (4.2-2)

in which the g, are non—dimensipnal amplitudes, deﬁendent on the non-
dimensional time t =_wst, with wo = %ﬁ'the angular spin rate of the
satellite in its nominal motion. N is éome positive integer, which
specifies the number of terms after which the serles is truncated.

We recall that the @j(g) are orthogonal modes, normalized to

unit deflection at the boom's tip, so that

J o (8) ¢, () =0 i#k (4.2-3)
boom .
2
ml,j dof J Qj(i)di >0 =k (4.2-4)
boom
E1 =& + &£53 ) A
both ml 3 m2 i are assumed to be known quantities, determined as in
b ] 3

Chapter 2.



4.2.3 Kinetic energy contained in the elastic structure
The total kinetic energy, T, is made out of two parts: one
is independent of the generalized coordinates qj and the other one, Tl’

depends on the qj and appears as the integral of a densitynBT . More
1

specifically (Fig. 4.1)

32
Yo
= z = -
~ all particles n3 (4.2-6)
m
, > > 5 _
with v, o= w.A(rm 0 +-3) + & (4.2-7)

- ‘ -
in which @ is the instantaneous rotation, Ty is the vector coordinate
. >

to m in its reference position and g.is the elastic displacement from
m,0
Computing T,
fred
L= Z

Rigid + FLER{ELE
faitrg

FLEK:GLE

(En7, )+ 2 [n |6 w8 V2 (307, ). (3nS)

-

ARTS £,
2817 ). VT IR £45

w0 rald

Now, for small linear displacements of the elastic parts

-
§ = wl
~Ww
and =) "
Wi
X
Thus
S ¢ 7 ?’2 . 2z 1
< Ja{oAS] 2 5§ m{w, tly /W 4. 9=
BLy ELpsiic 2 [ J 2 ( = ) ( 2)

fenrs



I1f W s wy,jw are assumed to be of first order of smallness, (4.2-9)

is rewritten

T 2P o)

in which W ig the (constant) nominal value of the spin rate.

0
& J\? = w X
: m,0 z 1
"LGY}C]_
Then
. [-Wha
- - T 3
13 2m(mrm ),(wr\g):z%[o b X ~W x] 0 ._0(5)(4.2-11)
" "o AR
ELASTIC
farts
Furthermore,
=2 . '
Z Im§ . 210 mw? (4.2-12)
ALy 2 A
EL PhiTs
and
= _ .
..i_ E an(t:;f\r? )ré T Z m MI’RIW (4.2-13)
2 a1 m, o
£ PORTS
Finally,
- 2
% am(0nd )b =0 (4.2~14)
2 Al
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Introducing expressions (4.8-10) through (4.2-14) in Equations

(4.2-8), we obtain

1 2 2 2 2
_ 1 - L] 3 _
T“T°+2JEdS(W ms+w +2mlew) + 0(e>) (4.2-15)

¢

Since the element of curvilinear abscissa, ds, is related to dx by

ds? = dx? + dy2 = dx2(1 + (ggﬂz)

or
_ W,y
ds = dx(1 + (ax)z)
= AV
= dx(1 + Z(BX) +...)
and
- aecL - L@aw2
dX - dS(l Z(Bx) --n)

Therefore, consistent with the order of magnitudes retained explicitly,

{4215)can be rewritten with x instead of s as the integration variable,

[} . . .
T=1T, + % J p dx(wzms + o2+ 2 wlew) + 0¥ (4.2-16)
0

-~

The "flexible body" part of T,, however, has to include a correction

term, since for terms involving

4 L 2
upper upper
x2 ds = x? dx + % XEQEE)Z dx



i,e. with an integrand of zero-th order of magnitude, we can write

jzﬂ,z ds = J‘QWT_Z da 4 jiwx,xa ('?_W_)Z‘;Lx (4.2-17)

Q_ ‘ '+ : 2 (=3 F()l:

Neglecting terms of 3'9 order of smallness,

.Jj mf&S; Lﬂx?dWL..jz(i—f%wﬂ)F%\L?%2(?Eﬁﬁ4j_m)

e d
and using (4. 2-17),
' ' } ¢ : ,
: 2
J QQ?‘J-S:J 22 o *J‘S(iz-m?’) (’Ei) de (4.2-.19)
© © 2 o : Do .

Now, if the integrand is

o ' 2
Xi = (%, + x)2 = x* + 2x,x + %,

we obtain

jld&: 21 'Ljolm_

L ithe o b " :
_J % A#: ( h % e + l_r “ 2—(EE)EA1,
0 Yo 2 Vo %
or neglecting terms of third order of smallness
Lﬂmau,: [ﬂw dx - 2{1- }2%0) _fﬁ (:ig )24@_

Yo 2 Yo A

Lm% J (":)
Finally,

J;ﬂm'?'dszj % Tdo - f‘gl(“fz*'xz) +2x, (- *)I _.) dz

20 X



Therefore, T, is rewritten, with @(E) the inertia dyadic of the

rigidified, undeflected total reference body as
A / D 2
-Z;} .‘Z-‘wag 5‘( fdm_[{f 72)+2J‘ JJ["—)C&' (4.2-20)
: _ c 7 ox
Collecting (4.2 16) and (4.2-20)

7.1 &8 f pee (who 4 % v 2u b -1 [(120)
2

%2r(f s_)} '?’“))Jx + 0(e?) (4a2-21),

4.2.4 Potential energy of the elastic structure

For pure flexure in the (x,y) plane, the potential energy is

given by
£
- EI __BW 3
v 2 (axz) dx + 0(e~)

where it is legitimate to use x, instead of 5y, as the Integration

variable, to the order of the terms explicitly retained.

4.2.5 Equations of motion for the elastic modes, equatorial vibrations.
4.2.5.1 Equation for the jth coordinate, qj

At this Poﬂlt we introduce the modal representation (4.1-2). TFor

be dropped. Further-

the sake of 81mpllc1ty,

l/

more, let the energies be non—dlmen51onallzed by

p23w§ and the lengths by £

Although BS, non-dimensional value of the nominal satellite spin-rate,
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is 1, we shall for clarity retain it in the equations.

In non-dimensional form, with ° designating derivatives with

respect to t, and Ty

- P N T Lt e g -2 —_
T;'ffiwsz (l _éw'j‘(w)) = z}f (47 +4}2“§i M szq}; éi’ (4.2-22)
- E}i [(;_ga)’ Fe g (/-g)j(’_i_v_)qlg
— 2m 42
Ve 1 20N dg
9 X Qoo ['} gz } (4.2-23)

- b o
with A = %%f-ms , as in Chapter 2.

Now let, with t the non-dimensional time,

n = ‘?I ‘13("‘) %(é)

-

Then N
hoo= 2% Y
S I A I
i} - J:| k=t qé ko4 K
2 35 4 &%
L A
N -
on = 2. d §
3g - —
J-I % 0{
h, -
R A A A
3L yoi ket 3 Ik 1t 0{@.
Similarly, . ‘ _
O T
352 jel K=t J ik d ga déz
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Thus, the Lagrangian function is

- N N - o
s Lowe 8 T-V__, S 5 (sa 88 +3%.9q 3.8 42w g8
7 ) zj a'hu[%ﬂk&k+?iﬁ?KJ k! ‘Gié
- [(- &) 25 (- é)[ n 4 ddy ) q o a9 ..EJJE,(‘* 27
df df & 4'kdgdE”
Now, for any i1 = 1, 2...,
Td ,ad oL
) - =0 (4-2-5)
aqi qu

We recall that, as in (4.2-3), (4.2-4), (4.2-§)

’

6y0, 46 =0 (3 4K
boom
J p, dE = ml,j
boom
ER R
boom

the ¢j having been previously normalized to unit deflection at the

boom's tip. Using these relations, and (4.2-2%) for 1 = j, after de-

fining
1 2 a5
%1k ~ %kj def QJ [(1-£2) + 28, A-E) Iy gy 48 (4.2-28)
boom
- - d2¢. d2¢
boom 48 dg

we obtain, for the jth modal coordinate
N

N
", ci - L?ﬁzcl- kﬁ _’_2 5} = D (4,2-28)
24 FE Y Y i K %} pa
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4,2.5.2 Evaluation of the coefficient of qj

We now evaluate the ceoefficient of qj in (4.2-28), say cj,
i 5
¢ L2 J’gk PLoag - &2 (4.2-29)
df Ak k=1 he '
From Equation (2.2-23), written in terms of a,., b..,
k7 ik
L4 k
- k + 4, =0 #
A o o’
L] T 0+ W k
Sy ey (R )

Thus (4.2-28) takes the simple form
- -2 mitd“‘

m, ,q, +m W,
1,3% 1,3%1% T m

u,} z
or
- mz -
gy +@% q; = - 2l | (4.2-30)
1,3 -

A few remarks should be made regarding (4.2-.3Q) First of all,
the modal equations for the jth coordinate reduce to a harmonic
motion, in the case where E% is constant. Second, as has been seen

in Chapter 3, the "driving amplitude', measured by the non-dimension-

al ratio

m

%

ml,j
is strongly a functiomn of £., and to a lesser extent of %, Btkin's
number. Thirdly, it should be noted that it is only because, for
the sake of consistency, the difference of an integral in s (curﬁi—

linear abscissa) and % was carefully considered when the integrand.
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. was a quéntity of zeroth order (as detailed above), that term
T ML s 9

could. finally be cancelled in Equation (4.2-30). Failure to make

this distinction leads to having this extra term still present‘in

the final equation and in order to "fall back" on (4.2-3¢), one

has to introduce, rather belatedly, an additional term due to a

"rotational potential"[4#2 }, Finally, if linear distributed
damping " ig introduced, Equation (4.2-30) takes the form
- - . — 2 m, i L
. +2p T+ w LS 2’<} W 42_3;)

whose derivatives are taken with respect to non-dimensional time.

4.3 Modal Equations of Motion: meridional vibrations (Case ™',
for meridional)
Without repeating in the same detail the explanations of Sec-
tion-4.2, we now derive the modal equations in the case of motions
parallel to axis-z (meridionai vibrations). Only the relevant

differences are underlined.

4.3.1 Constancy of ﬁ

In the absence of attitude perturbing torques, the torque—free
motion has the integral.
' > >
H = K, (4.3-1)

. .
where H, is the value of the moment of momentum at t = Q.

4.3.2 Representation of the elastic appendages

The displacement n{x) = Eéﬁl of an element of boom located at

£ = % of axis +x in terms of the modes Qj(g) for meridional motions Is

7+x= f:. q&(é) %("{) | (4.3-2)

Ly



Again qj are non-dimensional amplitudes, functiong of the mon-

. . . - t . e . s .
dimensional time t = o N is positive integer specifying
the number of terms after which the series is truncated.

The "meridional' modes are orthogonal

and we have defined
= 2 _
ml,j - boom ¢j (E)dE > 0 (4'3 4)
M2,5 Jboom £0 (E)E with = £+ £ (4.3-9)

These guantities are known as functions of X, Etkin's number, and

b4
£o='f',

hub non-dimensional radius.
4,3.3 Kinetic energy contained in the elastic structure

With the same notations as in Secticn 4.2.3,

T = T, (rigid part + flexible part) + T1

Now

§ =wl

Z

z .21 m W (de .,.wj)_._O(g‘*) (4,3-6)
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Let xl = x + %,. Then
0
- A -+ _
t rm,o— w, X
—myxl

The next terms are

{ - =P - ..g . / , 3
-i-’%-l 2’"?(0’\1’(:”‘0);(6.!& ) < E E (-—2C'J$ U}(i‘jw) + 0[6)(4'3_7}
EL, PeRTS,
2 - 52 AL EPNIE:
puEr. 2 - 2 (4. 3-8)
pﬂﬂrs
S
| = —p - ' .o
— me It » = — l e 1 ,
7 it o -m) d g 2 M ey (4.3-9)
£l tapTs :
— Iy
12 2 DA S )
o fm{ A ) o = (4.3-10)
£l PARTS

Introducing expressions (4.3-6) through (4.3-10) into (4.2-8), and

. since we can substitute dx for ds when the integrand is of first order

of smallness, or smaller,

:l ! 4-' 1 2 ! 1 2_2
AT 41 = x - - (3 = = —
.= 5 (u)}' 2J P dx (W' 2UJSUJ Xl‘ﬂ 2w Xiw 2[ (R X )
(4-3"12)

0
2
2%, () 1) + 0



4.3.4 Potential energy of the elastic structure

For pure flexure in the (x,z) plane, the potential energy is

<
I

J 82W) dx + 0(83)

Again, it is legitimate to use X, instead of s, as the integration,

to the order of the terms explicitly retained.

4.3.5 Equations of motion: elastic modes, meridional vibrations
5.3.5.1 Equation for the jth coordinate, a

The kinetic energy, T, and potential energy, V, are non—d imen-—
sionalized by the quantity p23m§. Note that, although BS, non-

dimensional value of the nominal satellite spin rate, is 1, it is

retained as "ES” in the equatioms. Let T = % w. @(3}.
— T 7‘6 [ R . ] . 2
T = e gl (31 28w él,fr;—zw_éro}_-'_[(f-fj
& pCuF pPar 24 x i/ 3
GO,

Noy define

A T %y det

lJ [(-¢2) + 26, (1~ >1d¢ “ 4
L £2) + 2, (1-¢ £
Z boom dC dg
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2 2
dg, d¢,

d
de?  de? 5

Iy = Db = J
. . f
Jk- kj de boom

For modal coordinate ¢,, the Lagrangian equation is, with Equations
. (4.3-3) through (4.3-5),
N N

z +E = -._-_._ . 3-
k=1 bjk k=1 ajk * mz,j(wy wsmx) (4.3-14)

K]
4
>

4.3.5.2 Evaluation of the coefficient of qj

From Equations {(2.3-1,/2) , Section 2.23, we obtain

a,, =0 j#k

5 [ e
o
+

-2
b,, +a,, =, n

. . ) .. d=k
i3 ij a I J

=

Thus Equation (4.3-14) can be rewritten in the form

. -
, +ow . =
93 7 95 9y

£E
N
1o

- ow) (4.3-15)

m y 5 X

1,j
. - th Lo , .
in which w, is the j eigenfrequency of meridional vibrations, a

function of A and Eoe

Again, if 1linear distributed damping is introduced, the equation

of motion becomes

T

. —_ . — 2' - - =

4+ 2va, q. +w2q. === - 4.3-16

93 39 7% Tap 5 (wy = wgw) ( )
¥

m, .

Eng thus appears as a ''driving amplitude". As seen in Chapter 2, it
1,3

is also strongly dependent on &,, and to a lesser extent on Etkin's

number A.
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Equations for the rates: equatorial vibrations (Case "E") °

The equation for the time derivatives of the rates are now de—

rived from the constancy of the moment of momentum for the torque-

free motion, as given in (4.2-1).

-+ >
relating to &, H

and

Since, about the center of mass,

ﬁ = ﬁ(o) = J;_!\; dm
i = J?A}’dm
Computing, with the same notations as in 4.2 and 4.3,
1 + > -+ >
= +
r =40 +w A (rm’0 8)
N > > - 3 - R - > >
F=6+20 A8 +uw A T + 0w AS+w Afo Ar Y+ w Mo AS)
. m,0 : s m,0

-+
Let H be divided between a part "relatinmg to rg
L

"

IT

i = J T Morzr  + Y} ds (4. h=1)
m,0 m, 0
boom

- . .
i1 = Jb T A@ +20 a8 +0 AT + 0@} (4-4-2)
oom : :
- -.3- - el s
+6 A (wA rm’o) + & (wAw A rm’o))]ds

Note that és has been seen in Section (4.3) and (4.3)

R ,
ds = dx(1 + %6%%) } + higher order terms (4.4-3)

in which the elastic displacement (along +y) is

5 = w(xﬁ’y (4.4-4)

4-16

s ﬁI’ and a part
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Therefore, if EX, By (normalized to ws, nominal value of the satellite
spin rate) and n{x) = Eéﬁl are considered to be of first order of
smallness (0(e)), the equations for the rates deduced from (4.4-1)

should be written with

) Jboom[."lds = Jboom[“']dx ?

for integrands of zeroth order of smallness, or smaller, if only

quantities of first—order of smallness, or larger, are retained .

Thus, neglecting terms of order 3 of smallness, or smaller {with

Jboomﬁu]ds =Jboomﬁn]dx for an integrand of first order of smallness,

or smaller),

> - —% w, Wd

b - |y v

Gy - jgo‘”::, (-2u,W -0 w- wywxW) dx
(HII)Z = -J- ‘}:l W (l.:'):-a

oum

Now, neglecting terms of order 2 of smallness, or smaller (with
J [--1lds = J [--]dx for an integrand of first order of smallness
boom boom

or smaller)

(Hppd, = Epp

=0
¥
in the analysis,

1,5w,2 . .
f++-]ds = [=*-][1 + §C§~) ]Jdx, in a manner similar
: x
boom boom

to the one used in Section 4.2 and 4.3, if the integrand 1s of zeroth

order of smallness, and if quantities of second order of smallness, or

iarger, are to be retained in the analysis.

With this qualification in mind, the various terms in the integrand



of (4.4~2) are computed without eliminating smaller terms at this

point.

:
-» > "wr_);\:\f
2whAdz 2 [ o)
. > e Ww
2mh(w!\5)= 2 _xiwmv:{
. War W Q
L i 2
ri’f\(wl\ﬁ)_ ®x W
: —l’l LO.{,-"N'
- Wy Wi
- - _u: w w
5 f\(lﬂ f\n,m}o) = i N}
Qo

(_ﬁII)z = [ Wdw 4 0(e?)
Gp = [T e+ (Iz-lj)wj o |7 +[1j%+ (1,-1,

4-18
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if it can be assumed that x, vy, 2z are principal axes of inertia of the

total, rigidified spacecraft, of total moments of inertila Ix’ Iy’ Iz

about the corresponding axes.

To summarize, we have, to order £, the following equations for

the rates, in case E,

I -1
s, A
X I vy 8
X
I -1
’ __ X Z vow
I S8 X
y Ty
. 1 " I -1
w+ = wg, dx = - ———3 4w o0, to 0(e) (4.4-6)
z I 1 Ry
z Iz
*boom

Let the time, t, be non-dimensionalized as t = 1517'(fr0m oW 0Onl,
8

+ will designate derivatives with respect to t); the lengths are non-

dimensionalized by & , length of the boom, and &= % , Eo = %& )

I
n=7 k EI—X Ky E—IX. We obtain

Z Z
. oky =

ky
LA } k -1 -
B, Kool @

kﬂ
t_.‘. fiﬁ v . d
W, = - L f m & df (4.4-7)
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Using the modal expansion in terms of qu (£), having eigenfrequencies

| EJJ,}E, with Qj and aj’E functions of A and £,
. EEJ N e :
A A ALY (4.4-7
) I, Ylom ¢ l, 5805 45 )
Now, from Equation (4.2-31), with "u—)j = Ej,E
T m. ' — e
AU AT SR ) li.‘—aeni
¢ '“’*l,} - & 13 ¢ 14
gubstituting .
® EJ N 2 Qj o
X (1“ Es mg ), 10 e §q +07
B I, 4 ""b} ) z ¢° 4 qd d cjé ]mzd (4.4-8)

Thus the normalized moment of imertila is apparently reduced from the

value 1, due to the flexibility of the boom, by an amount equal to

P m;’"—
L Z. >t (4.4-9)
IZ 4= ““;J
or writing, with Izh = moment of inertia, about z, of the central hub,
and
FR
b= €+ 85 +.
= ; - 4.4-10
\.Lf_/f V] o 3 . ( )
I« T+¢p0n
z < (4.4-11)

the non-dimensional inertia correction becomes, in Equation {(4.4-8),

- - 3
with Pdéf QIE ,
zh )
r o fnq‘_“f'
R S Y (4.4-12)



and (4.4-8) is rewritten (Rate equations for case E)

éq = - I_IJQY 5%5
o ,&x

Syan Ao
Y i X

(4.4-13)

L r N k"- N ]
L, (/_. _ "2,4 )«_-__f___ 2. 12;’57 02 ]fm.,-
(+04 4=t m’-’d[ wrd 4 diy 4 ¥l

The stability of the motion, in the presence of equatorial vi=-
brations, as studied in Chapter 5, can be done on the basis of

equations

(4.2-25) for the modal coordinates

(4.4-13) for tﬁe angular rates
with N = 1, 2 or 3, depending on the number of modes retained in
the analysis.
4.5 Equations for the rates: meridional vibrations (Case '"M")
4,5.1 Equations for the rates, boom along the direction

Without repeating the development of Sectionr 4.1.1, the compo-

-
nents of HII’ in expression (4.4-2) are rederived for -an elastic

+ .
displacement & parallel to axis-z.

g: wx) T, |
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©
v - oW
eNBEAE) | oy
’ -ml{:")(w/ a
. . = e, w, W
mf\(w J\(J f\é)) = -cf,ﬁﬁz W 1—)((&),‘ ﬂa,{)
v [ ‘x;&)zij
e — ‘x‘nww&
§ N (w I\ILN‘O) = : g
SAEAE AT Y. [uecwy
“'°))‘ -?E.(u,\i +w£ )‘w'

¢

Neglecting terms of order 3 of smallness,

), = J X Wi, pde

boom
—; = . i , ]_ -
(HH)y Jboom X, (w - \m) (ujzl + &JT ) P di

(HII)Z = Jbocm X (U.?.. ﬂdj W~ wx w‘ ...w ) ] OLL

Neglecting terms of order 2 of smallness,

(Hyp)y, = (ﬁII)z =0
(_ﬁH)y - _Jboommi (v; + W w;) 1 da
(_ﬁl) - [Iﬂe me(Iz-Ij)ijl] Z'f[fj“?y+ (Ix"Iz)wsz]F;

1"[]; !5._1 +(I D&)w o ]-—;

with the same assumption as in 4.4

To summarize, we have to order e, after non-dimensionalization

I I
. > .-»_.__X —3
of time by lfws, and with kX Iz, ky El s

o - - f"/E\_y "

T ) J

- * g,

5. _ oAty / ( Fen)E, d; (4.5-1)
J By

5 = 0 y

N



_ In the second of equations (4.5-1),

A L i
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Using the modal expression for n, = jgl qj(t)Qjm(g)s ¢j(E) being the

jth modal shape having associated frequency aj M?
2

CE N N
Et g + 4. §.§ = 2 A al, 2. e LI
"EM &"(ﬂé Llé 4! 45 4=t ! lz"(} +3=i ‘[é. 4

Since, from Equation (4.3-16), with E; =1,

< — ’P‘.:f - _ —_— ~ "““ o.
fh - -w(-_} 51& + ;11_‘_;} (mj_ wm) EPL\)J c}&
we obtain in {(4.5-1) -
TP 5
n b,
o N 2 _ " L2
s (- L= "”Zd).—_wﬁ(}"*"+,{_ 5 oy )
400 '&j 47! MUJ &j 'ﬁ_}’ 12487 4! :1!.)5
/! 2'1 (-7 <
+ L " l~wt)g. - opd (4.5-2)

116 Ay 4o "’fﬂ/ 6)74 341

5, . o

N
Fl

Investigation of the stability of the motion in the presence

of meridional vibrations, as studied in Chapter 5, will be carried
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out on the basis of equations

{(4.3-16) for the modal coordinates

{4.5-2) for the angular rates
with N = 1, 2 or 3, depending on the number of modes retained in the
analysis. Since so far we have been considering a.single boom lo-
cated along the +x'axis, it is of importance to generalize the analysis

to multi-booms configurations. This is done in the following section.

4.6 Generalization to Multiple-Boom Geometry

The equations for therates and modal coordinates were given,
for equatorial vibrations, by Equations (4.4~13) and (4.2-25), respec-—
tively, and for meridional vibrations by Equations (4.5—2)Aand (4.3-16)

respectively, in the case of a single boom located along the +x axis.

In the present section, we proceed to generalize the developments to
the case of multiple~boom arrangements located in plane (x,y) (A
plane containing axes xp, yp, two principal axes of inertia of the
ellipsoid in inertia of the rigidified, total spacecraft) (Fig. 4.1).

In order to allow for various possibilities, the following de-
finitiéns énd notations are used

I
= X -
- Ky aar Iz’ky def T

lﬁh

are ratios, smaller than one for quasi-
2

rigid body stability, which relate to principal moments of

inertia Ix’ Iy’ Iz of the total, rigidified structure.

—- given the Etkin’s number, ik’ and non—-dimensional radius EU K’
3

for boom "k", the notation :
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(A I) is used for the jtP modal shape corresponding

%k k’go,c
to these values of A and £, (there is no hecessity to distin-

guish between ®j for the equatorial vibrations as opposed to Qj

for meridional vibration, since they are the same)
£ . ¢ (5 )dg

W)«_{ =ik 'é,k(gﬂ) “E’K

1,3,k "I%mm& 9&&,(gk)d§k

and all @j x 2¥e normalized to a unit deflection at the tip.
?

T Wik jg

?

E,az 8
’&&4’ & 1+

- aj r @ function of Xk’ E for given j, is the jth eigen-
b

0,k’

- frequency for equatorial vibrations.whereas ai " is the jth
A

eigenfrequency for meridional vibrations. For the same pair

(lk,EG k)’ we have-from Equation
H
_2 _2 .
+1 =
mj,k 1 wj,k (all j, k)

- qj K is the jth modal coordinate (of type E, or M depending on
3

which equations contain it) for boom k.

‘_4Ek is the angle between the boom's undeflected position (an axis
normal to Zp = 2, thus contained in plane xp, yp) and axis x

of the ellipsoid of inertia.

33
- Fk E -gg—ibi 5 &k = % + £
' ('[z:}")k

4.6,1 2 pairs of booms at right angle, along two principal axes of

2

E';0,1‘:

o,k T

inertia
In this case, we assume that booms (+x, -x) are aligned on x ,
P

principal axis of inertia, and that booms {+y, -y) are normal to
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(+x, -x), thus aligned on principal axis of inertia yp (Fig. 4-1).
In order to generalize the previously obtained equations for
the modal coordinates and angular rates, we observe that in these
equations,
(x,y,2) are a r.h.s. system, with

+y in case E

BOOM ALONG +x, deflection q along
+z in case M

Now consider the boom along -x. Equations analogous to these derived

for the +x boom will -apply, substituting

for the expression
akis. p4 axis -x
axis vy axis -y
axis =z axis -z

q, along z q_y along =z

dince (-x%, -y, -z) is a direct system. The deflection q_,» along -y
(i.e. in case E), will be measured, for the sake of convenience, along
axis +y, in the same manner as 4. is measured. Therefore, in the
analogous equations, written for case E, substitute

for the expression

9y along +y -q_, along +y (4.6-1)

Similarly, the substitutions needed are, in the fellowing cases:



boom

along +y axis

boom

for

axis x
éxis y

axis =z
q+xalong Z
q+xalong +y

along -y axis

for

axis x
axis y
axis =z
along =z
q+x g

q+xalong v

Substitute

Substitute

the expression
axis y

axis -x

axis z

q _along z

-y

-q along +x
qy g

the expression

axis -y
axis x
axis =z
q_yalong z

along +=z
q"Y

Effecting these substitutions in Equations (4.4-13)

obtain

Equatorial vibrations (case E)

It should be recalled that Bj X refers to "E" type,

of boom "k".

H

Although this is not done explicitly,

subscripted to account for different damping ratiocs

booms .

Rates

The equations for az

Booms —-x, +y, -

¥

the equations for W s

unchanged .

. in (4.4-13), read

w

in

4-27

(4.6-2)

(4.6-3)

and (4.2-31), we

jth eigenfrequency
the'v" could be

in the various

{4.4-13) remain
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—-X boom
= I A ""'; r_ ﬁ o
‘*’z' /- 2 3 4k . X 5 (wa ? )
[+, 4 ¢ "”;_,J ~¥ T A X 4
+y boom:. AT
. r T m , 2 (
w, (- 1Y 2 2y} Y7 [
z (f YT drf )‘ I Tod o 4= ff‘-a”r?dr J,y qd }’)
-~y boom: - 7o 'z' ey y (4.6-04)
. -y M, - o 2 ) .
52 (/_ f) 2 247 - r}' 2(2})“ -f-GL )
/¥ flyfl -y ‘7’3;,‘;!-\,‘ ’H:?‘ ﬂ,_y ¢! 4y Y i -y d: Y
Modal Coordlnates
" —x boom:
qd,—x g X ﬁg,_x 5rﬂaf-x " - Z
- : TP i (4.6-5)
+v _boom:
=] _ & — ‘mq, Wi -
+ 2y W y w2 ST ©.
oy * Ly P ey Sy
~y boom: : )
a — . — 2 Ma, 4, =Y =
2 : - ig
Ty 727 S Yay PO das - S
Meridional vibrations (case M) sy
Again, aj,k refers to "™M" type, jth eigenfrequency of boom "k,

and although this is not explicitly done, the v's could be subscripted
“to account for different damping raticon in the variocus booms.
Rates

Booms -x, +y, =y: the equation for ﬁz remains unchanged, in (4,5-2)

.« (4.5-2) Tk
The equations for > wy read, with b, =

k Lﬂiak;"z TR -R LYY

-x boom
Z f"k‘y -
)'l: - k LOJ
x
. i L2 2
Ej (f, __é-xz .fn..:,J,-—x )= _ -—x ( ﬂx [ 4){ _i < 2 )
,47 =, g ) ,ﬁx £y r,J~x
o bxos
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( Lo “ 'ml y) / ﬁj ) g n? )
w, | /- y o 5 2d e - ~ -4y f 4
‘ﬁx 4= m‘ldd J %X 'éx 47! ﬂfujd
| s |
- A{j k. (F] ‘zzd Y{ (l )f).f _,_;u,g szf 1&
o At 5

G .. Al 5
J ! X

J (4.¢-6)
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Modal Coordinates:

-x boom:
e " o 1 - 2, ,"‘X &_; -5
qJJ'_X + 2p w‘#‘q&,_i"{’wa*qé)-—x WIA X j X)
+v boom-
. v -2 _ 1’!\2‘(},? 2 -q’,-(?)
for 28y Sor ® S T 7 ()
-y _boom:
W - . — . _ . _
Ypmt 227 PS4t Yy © jf"é”“j“ (G+0y)  4¢-7)
4.6.1.1 The Four Different booms ‘ 1;&,“7
Let 5 . |
b = (E_e_)_k rk._ (PP)K Ak‘f*-{:‘k*_gjﬁ
k dEf IZ (szl)K 3

The equations of motion become.

Equatorial vibrations {case E):

Rates h; 453)...13)-1-3,--'3 _'7a~_ 132,...,1\"5
E:S - ,@ =
z T J
Ry
iz‘, z - &*—I :}
J c
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_ £ £ . )
s, (- 5 .ﬂ% f:' ﬁﬁ)z &:Zn [J& [sz‘}ﬂ Yo * “; g, J Jml””ﬁ;i‘f
=2 ¥ -
+w3,~'26\3,m] a%[ [21m M«m& cl“\ Ej[m;’_m,_j+ &l,ﬂ, H
(4.6-8)
Modal coordinates:
For j = 1,2,....N; k = +x, -y
9 +298 @ +35c?\,‘=_.-m&_b%z
ok IR Cgr 4% ™, p R (4.6-9)

For 3 = 1,2,...N; k = -x, +y

W“z,,-h A

42pw o
R
q m“l)zlk

e

@ - 2
c\‘hj‘"{ +w&' p\&rh:

Meridional vibrations (case M)

Rates: With k taking the values indicated; j = 1,2,...N;

o W P
©, (" f:“m &ia}’k %. @i;:) - ¥, ( ;ﬁfj &i 3:24-3 7)& fixﬁ )
- é_wjﬁ\mz,ﬂ {("“3;)%,7 "2”% CiM ‘] (4.6-10)
P"?? RTUC W IO N
bo(i- L 2 ﬂk"é "ok L (’ﬁw‘ 1 Zkg. "k )
R Y T R LAY L S L
i (R ny B050)y, 75,4,
vy ;i LGNS A
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‘Modal coordinates

For § = 1, 2,...N; k = +x, —-x, +y, ~¥;
T 4 +52L1 . Dagh (‘*’ e ) fex
1&!" A.i d;k 4 d; 'Ml)a &
| Mt (30) k= -x
Mok Y
! N jz
we ik [5 415 -
S ﬁ (o “3) 3 a6-11)
% - o~
qwag,i‘ ( ujiﬁ.gy ) k- ¥,
l;(§| '

B

4.6,:.8 Aligned booms identical; different booms along (+ﬁ, +y}.
Equations (4.6-8) and (4.6-9), or (4.6-10) and (4.6-11) re

A4
simplified, in view of the relations

»F:.F T ’ - R Qs - B = mg
¥ "x’éo,i'éo‘ﬁg %) 3“— ," :J’; 12“};"’() '!ﬁljdf}‘ ‘JJJ'-X
and similar ones for subscripts y, -y. (%6—42)

Equatorial case:

Rates: With j =1, 2,...N;

s - Ry
G -
l,

w
7

2 N 2 N
" ! i1 — e _
W, (!—21 (}.7:' "“qﬁi}x-zLde"ﬁ):Q’;'% ) [(va_ c| (4.6-13)

o) (5 §x8] 9, )] by E fu [(”‘”’37‘1(”“" 49)
- (276 {;, M)] (4.¢-13)

Modal coordinates:

Same as (4.6-9), with Equations (4.6-12). (4.6-14)



" Meridional case:

o (1.2 i, S ot ). lo (f—k: S 2§ May

}Lﬁl . %‘l M‘:M ( 3 } *pai' kx 4=t fmu(}p)’

- ™, (g 2 - el -2
: T AL TRl R L e
'[:)J ( /- ‘% E‘ 2 Mmooy i,)( ) - - w R x~ | + i_ _ex_ 2 fr“% X )

Modal coordinates:

Same as (4.6-11), with Equations (4.6-12) (4.6-16)

4.6.1.3 Identical booms along X, —X, ¥, =¥
In this case, we can use in common for all booms, the notations
wal )ma,ALMz,J) r) A? go?’gf

Thus Equations (4.6-15) and (4.6—16) are simplified as follows:

Equatorial case:

Rates: With j =1, 2,...N;

2 -k, -
0 . - J e
% K 8
- k, -1 =
ﬁj I k: .
i (4.6-17)

2 N
W, (:- 49 5 ud ): sh 2 om

=1 1’40} J=! 2] [ w& (ﬁJ,’.aWJ,--\} h (1&1"‘- qd,‘j )

+2 )}ESJ ((f&,_x *ﬁc},‘j - EIJ X [;]J’j ) ]
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Modal coordinates: With j = 1, 2,....N;

. Ly =2 . by
(Td.f}‘ ¥ (} qJ X 3 01(}.' N‘JJ “
qJ: by o, q Jl q)}_x = ::::i o,
P Lo 2 o L -_') o
g ¥ wd‘ ‘}w F T, B (4.6-18)
a0 . . o 4 W -
1y B ¢ T 2 ™)
%,-j & ’&,‘j i %rj ) vz
Meridicnal case:
Rates: With j =1, 2,....N;
X . . | <
m (!_ 2 ) E "1\, W (" y _ 2 L2 f&ﬁi.)
’ by 4 m, J ke 4T g
k2 2y
T3 ,,mifal{ bif )(%J cjd -7) > ﬂ‘JJ 11:](4 6-19)
L f N m;. . k iy P -ZJ
w"('fjﬁlm_j)‘ “w"(% "k af"*’
.1 15 N i} - -2 - )
. 'ﬁj :I,m, {( J')(qdi)‘ ?J,"") pw& (lidl * 7&*}()}
[:;Z =0 -
Modes: With j =1, 2..... N: k¥ = +x, —-x, +y, -y

,;1;,&"2 JVIJ&”" CJJ, 'i”ii (%_Gx) kex

'hi'l_; - (4-6"'20)
2 Tl (%-w’() P J
aﬂb
ot ™34 (w - ) b
= - d E =
" Q#U} J ~j
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An alternate form of the equations for the rates has been used

in the computer programs described in Chapter 5.

Let

g = ~q_ >

Assume furthermore that the motiom is antisymmetric, i.e. x

q = -qy: Then ,
3 L y2rh
}:’ ; E:‘__ - Ixrmr' + 2 ﬁ?.ﬁ - K%
A S JL.J,MMW 1+ 4 T4
. 1. 4+20h
b, - Iy . Kw+
J T f+4TA

nd the rates, as given in (4.6-17) and (4.6-19), respeétively, can

he rewritten:

Case E: | .
i
, P . |
5= - Kpy "y
X j 1—'0 ) |
Khx + .2 (4.6-21)
o ! _ s rh -t _
T =z Kix 3,
! o s 2rA
K
tf')z _— L&i 2,} 1 %'CI )42’)”&(‘13"‘14)
1+ f(ﬂ, i ”"‘2,} )
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N my .
Case M: - { 2rZM : w)g -2 )’&7
SR ‘ze:_y*”(’-‘ ,;)* By L0904, 345
I h. S .
g N
L ot R e (087,
—— +2r(A- 3
. K}"J d' T"ba ) .
o, =0 _ (4.6-22)

If ‘furthermore, the transverse moments of inertia of the hub are
equal, i.e.

I%)M: IJ;M
Kpe Kpxs Kiy

the above equations for the rates simplify to

Case E:
. ;_.’_ 4204
;-‘: [ R . K}' &‘)j
i Loyara
) '-’“' . '
wy >~ ol g
: -———+2Fﬂ .
K!, (4.6-23)

5« - ol 2 eyl (qi 1) #2255 (‘1:1 4, H

:+4r(/_\._ zl mgi )

$: "
Case M: " 2
| S ™2 2
] ~dtiar(l-2 29 r -2
b . | KP+ ( o "'“u_))+2 c}élw’ljw )‘L);‘j P qdj‘x
7\-;' $2 f(l‘a - :i )
fnu
A L}J {“ 2 N (4.6-24)

! o 3

-— y L.

K, +1I'(A_dg‘ Iy )

M‘JJ
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4.6.2 "B" booms in x, y plane, necessarily along principal

axes of inertia.
The booms are all contained in plane ﬁ’ %, with ﬁ’ %_as two
transverse axes ﬁf inertia of the rigidified structure, and are
normal to z_ , satellite spin axis. With the notations introduced

in the beginning of Section 4.6, Ck is the angle between the axis of

the boom and axis =x.

Let qj Kk be the jth modal coordinate of boom k. The equations
b
for the modal coordinates and the rates, written in Sections 4.2 to

4.5 for the "+x boom", along a principal axis of imertia, will be

modified as follows:
4.6.2.1 +x boom "k"; angle Ty with xp

Equatorial case.

Modal coordinate:

. 2
I 2., "y (4.6~25)

X = T
5. . Aol g |
jgys N2 | opd), (4.6-26)
E‘.J;, (4’ - _.(69)“ > Mgk )z(f_P e 2w Isz M 19{ q ]
K I, 47 ™k L g 24k gkl R

Meridional case

‘u,& +2P%, 4’ J b, ',JI;QNJ “*g +w “”3 “’““gk -, k“gk)
L (4.6~ 27)
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o

‘since w_ in (4.3-16) bec -w L ‘+% “o,
sin y ( ) omes x;éuxgk y aék

—

w_ in (4.3-16) becom ' % 4o :
X ) es thcagk+wye&wgk

Rates:
In the case of a "+x" boom, Equation (4.5-1) shows that the

vibrations parallel to the z-axis generate a torque along the direc-

tion normai to “+x", i.e. "t+y" having projections:
3 r ’ [N - . . ﬁ.'- Y
)L )« (s e
s - Lo G Y,
(¢ b UQMR (eg)e, a8 x (& &) hEoRE I
The equations for the rates will read, before diﬁiding by Ix’ I}r

respectively,

15 15 L (o3 o2 Py

L85 (0 Em) 2 mpe 105304 25000
i

k! . s Moo s L = — - .

Loy e (B-L) s (pV (k) Z m al(-55 g,

= ' ST . 6-28)

- e 3 N = -
“:Z”MJWE'"({UL,P:] 3 (rf)k (Caa‘gﬁ) Z _".j_g (- W jmgﬂl* &-.}(,o} g& --'C.::)(Co“.}ée{
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Now define the following coefficients

o W o
I - 93 J'-;vuz : 2 M
h.* ( f )& 3& J: | rm'b‘} &

bz () mg oty 2 "o b

J=' m"l)&,&

A ({;3) 5 . N rm?. "
: Fn tad, 2 2¢ds
Q‘daj F R 'y 52\ 3 41'4)3’&
A 1 ( Qg) 23 ';‘ mf“‘,
A=z ) w2, s m
12&5 ’ r * * = Mu.}z-‘i
o, = nu
i Cli.;r Ix

A

Ay = 12
Moo = L
o Iy
Ay, 2 &E_l_
d@j I}
Agp = ﬁ_ﬁ:’-
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(1€, S e, 5 1
IP:,Q Jff Iy (' mg%)&%r h{'dr?‘ [(r-w}&) 7&"%- 2)’&5,4} 13,4’&]

+%—ﬂ";—i- (- Beeby -a by )
"‘”g&)f, 'fl“‘f,(},ft[ ("dei )‘fm “2Vwy ) {,,H
+.%ﬁ%,(-§®ﬁgéﬁyﬁékjs
System (4.6-28) is rewritten
‘Hbéi'*“u_éb =£b&
b, LTI

b Z
: -4 2 - Ma
Let Dk - (1»119‘22"&21&!2- =z |- (I;E”)& (Sm}gh - ton é& ) JJ'."E:‘

X TR
Then the equations for the rates are
% B ¥ _&,k - G g £2,%
X g
f}' Oy 29_}&—0‘21 Tfi;?‘h
j= (4-6—29)
Dy ' '
W, o
z

4.6.2.2 General case: '"'B'" booms, making angles gk(k =1,...,B)

with x .

Equations (4.6-28) will, in the general cdse of B booms, at

angles Ck (k = 1,...,B), have r.h. sides with sums over k, in
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addition to the summation over j. Important notei: all modal dis-

placements are referred to the +z axis (case M) or to the normal

"y' to the boom ”xk" (in case E) such that (x,, y,, 2) is a direct
B LY

sgstem.

Equatorial case:

Modal coordinates:

s . . — s ) -2 '7\12‘ k 2 (4-6'—30)
ok T2k Uk TV gk T z;ﬁ‘f‘r Wz
in which expression (4.6-31) is substituted
Rates:
5.1k
X hx Y
. . : (4.6-31)
B - k=l g
Y 3 .
- B " ML‘ . 2} B
© o "1k 5 1 Yy -7
AT CRL D N 0 2 M a4 )z | 34(ot 7 m lznw._-+o
z ( Iv;'r k=t ‘J . ?{ &:l qﬂlldik IZ &:IY )&Jr‘-f %J’!k J'qu‘K &lk qJ,k}&
Meridional case:
Modal coordinates:
. 'f’\.zak o . L ¢ -
' Lo oamtq e AR RS by -B
‘ - e
- By 4wy )
(4.6-32)

in which expression (4.6-33) is substituted

Defining
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we obtain the equations
Caz ‘g| ~Cy g%

D
C‘-nfz - Co, .fl (4.6-33)
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The above formulation is the most general that will be considered

in this worlk.

4.6.3 System considering meridional and equatorial vibrations
simultaneously. (B booms in X, Y plane, not necessarily
along a principal axis of inertia).

In the Lagrangian formulation, for an elastic displacement

opp = Ve () Ty v Wy (%) I

V. > E ( K'DZ“’E)I.} (Wlw‘n Ylo{,s " 0(63)-

J
a2 fwom L\ 7px2 “px?
fiaods
Vg Y
and the kinetic energy is, ifn,=-—,n, = — , etc.,
E Ek ' Ek

‘ . § . .

‘ L Q3 2[ b ’62. 1

T gtwwj +5 .f% (r )& " - (fyii' ! gﬂ,ﬂz +'9E k
o2 oorlS

125, § 4 ,7’.6,?:. ~28, 6 T b 2%, gijk "jﬁj&‘ !
() [k ) (2 )') 4

2§ €

It can readily be seen that when N nM'are expanded in their modes

Ly

¢(i, Eo), with associated freqiuencies ;j B’ aj K the corresponding
? 3

modal equations for E M

Yk 94,k
E M

are uncoupled. For "E", only Gz will appear in the r.h. side, and
this quantity is a function of the qj K only. TFor "M", only Ex, ay,

EX, Gy will appear in the r.h. sides, and these quantities are
functions of the qj K " Hence, in the total system,

H -

M

- the two first equations of (4.6-33) are those for w , W

L



- the last equation of (4.6-31) is the one for iz

- the modal coordinate equations for qj,k are given by
(4.6-32) M
- the modal coordinate equations for qj,k are given by

(4.6-30) £

4.7 Conclusion

The equations of motion of the spinning spacecraft having
flexible appendages have been derived in a rather general case,
" using the modes of the rotating structure at the nominal spin rate,
and for a central hub of non-zero radius. Thef were found to be

f4-3]

in agreement with some other published results in the limit case
of a central body of zero radius, and can be used with profit in the

numerical simulation of flexible spacecraft motions.

b4t
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CHAPTER 5

Simulation of the Satellite Attitude

Motion and Stability Studies

5.1 Motivation

in the present chapter, we present a simulation study of the evolu-
tion with time of the satellite attitude, from which stability charts
can be cbtained for userby the satellite designer. Of particular
interest is the "nutationa} divergence' phenomenon, in whieh the
satellite, although stable if it were ''quasi-rigid", exhibits a stead-
ily increasing nutation angle. Its spin axis thus drifts away from
the invariant angular momentum vector, on which it is assumed to be
aligned initially. This instability is due only to the dissipative
motion of the elastic appendage.

To this effect, a set of computer programs, "FLEXAT'", has been
developed which numerically integrafes the equations of motion and
prints or graphically outputs‘the variables of interest. This pro-
gram quite markedly differs from earlier versions we have used in the
work, as will be explained later. The version given here accommodates
three modes of the rotating structure and a dissymetric central body,
and since it permits an easy visualization of the qualitative features
of the attitude motion, it should appeal to the satellite project en-

gineer,

5.2 A Package for the Simulation of the Spacecraft with Flexible
Appendages.
5.2.1 Generalities

FLEXAT is a set of programs, written in FORTRAN V, which were
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.mostly run on the UNIVAC 1108 at Carnegie-Mellon University. It is

composed of the following parts:

a)
b)

A short "MAIN" program calling on the relevant SUBROUTINES.
A subroutine CASEM 2 called upon to study the stabilitj
of the meridional vibrations. This subroutine internally

calls on its own subroutine RATES, which computes the angu-

£ ls

lar rates w , .,
Xy z

¢) A subroutine CASEE 2 called upon to simulate the equatorial

d)

e)

vibrations. Again, this subroutine internally calls omn its
own subroutine RATES, which computes the angular rates Ex, my.
In particular, this subroutine can be used to simulate the

nutational divergence cccurring when the GMI {greater moment

of inertia) rule is violated, for the rigidified body.

A subroutine SEARCH (NDS) called by the MAIN program and

yielding the eigenfreduenciés Bj (up to j=3, if required) of

the rotating structure, corresponding to the specified values

of X, £.. This subroutine, for the essential part, is the

same as Ehat described in Section 2.4.

A subroutine PLOT, called internally in either CASEM 2 or

CASEE 2, giving a graphical output of the evolution with

time of the satellite nutation angle, over a number of satellite

spin periods {(generally taken to be 10 to 20).

Each of these parts is now discussed in more detail.



5.2.2 PYogram MAIN
In this program, COMMON, DIMENSION etc. are given. Then the
"unchanging parameters' are specified by cards. The listing given

at the end of this chapter; for example, specifies

NSKP

..

skip the printing of 60% of the results is
desired (NSKP = 1) else NSKP = 1; all results

plotted in both cases
N@RU=NSUP=3: include 3 modal coordinates for each boom.

XN@(1)=0.05: the "x-boom'" and the "-x-boom" have modal de-
flections (lst mode) equal to + 0.05 times the
length of the boom

XNG(2) .. . YNG(3): thet"x-boom" and the*" y-boom" have zero
modal deflections, for the 2nd and 3rd modes.

NU(1) NU(3)=0.05: same damping ratio on the 3 modes

CASE = "™M' : meridional vibrations

SI0 = O ¢+ wvalue of &,

LAM = 100 : value of X

MGIV : a switch. If equal to 1, the eigenfrequencies &j
and my e m, i are given as data (they are assumed

H ’ -
to be known from a previous study, or from a table).
If equal to 0, the Ej and the other quantities will
be obtained "on line" by calling SEARCH(1l) (in
case E)} or SEARCH (0) (in case M)

GAM ¢t T in the developments of Chapter 4.

PKX,PKY : ratios pr = Iz,hubV/Ix,hub; pr = Iz,hub/fIy,hub
These measure dissymmetry of the ellipsoid of
inertla of the central body.

PREC: : the integration interval in time is equal to
Toni 21/ w4 )

?gln or 751 (with 3 = PREC) whichever the smaller.

It has been found sufficient to take PREC = 1,



MAXP : maximum number of such periods (defined under PREC) -

to be considered.
MODES : 3 (should be the same as N@RU, NSUP). Three modes
' are retained.
5.2.3 Subroutine SEARCH (NDS)

This subroutine has already been described in Chapter 2. It
obtains aj,in the relevant case (E or M) for j = 1,2,...NSUP. Note
that

a) NDS is an argument given in MAIN (0 for case M;1 for case E)

b) SEARCH is bypassed 1f MGIV = 1, i.e. if the eigenfrequencieés

in the case of interest are externally given, other than

completed on line.

5.2.4 Subroutines CASEMZ, CASEE2

This subroutine, fed with the w my §? mz'. values obtained from
» 3

i’
data or computed in SEARCH, proceeds to integrate equations {2.2-8) or
{(2.3-5), as the case may be, i1f MGIV = O, and bypasses the procedure if

MGIV = 1.

It then.proceeds to compute the quantity

2
NSUP m

g 22l
j=1 m, .
S B

The equations which are integrated are those for

i)

The system is thus of order 4 NSUP + 3. The rates are computed in an

“'; ’j

internal subroutine '"RATES". Antisymmetric vibrations are assumed,so

that q , = =q .3 9 . = =g .- The fouﬁ booms are assumed to have
X,5] “X,] ¥yl ~¥sl
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the same geometric and structural properties (thus same E,, X, r, pﬂa),

to be along the principal axes of inertia of the rigidified structure

(z, = 0,% for the x-booms, ¢, =7, 3—'" for the y-boom, in Chapter 4).

The ellipsoid of inertia need not be of revolution (prﬁ pr). Thus
the relevant equations have been written as equations
{(4.6-20) and (4.6-24) for program CASEMZ

(4.6-18) and (4.6-23) for program CASEEZ

Different assumptions (booms of different length, structural proper-—
ties) could easily be considered by the user,for any special applica-
tion, after a rather simple rewrite of the equations, as given in
Chapter 4, or a suitable distinction between "Px", "Ty",... ete.
rather than the common "T"... adopted here.

The method of integration is RUNGE-KUTTA with fixed step ’
the latter being computed in the program as some function of the spin
period or of the vibration period of the jth mode, as?recised in 5.2.2.
under "PREC".

The output consists of a print of the case data, of the quantities

2
NSUP m, |, 1
z 2, Vi, Vg, V33 @, m. ., W, . (j=1,...NSUP}; H initial= D]
= omy i’ L7 2,] 1h
)

r? .
(assuming H, and z are initially aligned); thestables giving

qx,l qy,l qx,Z qy,Z qx,3 qy,3 W 6 STEP

(angle of nutation,
degrees)



There exists an option to skip the printing of the first 60% of
the results over the time interval considered, which makes sense if

one is only interested at looking at the long-term behavior.

5.2.5 Subroutine PL@T
The PLOT routine graphically presents the results of the above
computation. PLOT is internal to CASEM2 or CASEE2, as the case may

be.

5.3 Results from simulation study, using FLEXAT
5.3.1 Comparison between the present and some previous results

As compared to the approach previously taken by J. Rakowski

- _2 . .
and the present author[5 1,5 ], the equations used in the present
simulation do not include "extra" non-linear terms such as qi, qé,

wxmy... Including these terms, although they appear in the deriva-
tions of Chapter+#,did not seem - fully consistent wifh writing the con-
tributions to the kinetic and elastic energy with some terms of order
3 of smallness neglected (such would be the case, for instance, if
J{--'}dx = J{-~-}ds , with the integrand of first order of smallness).
However, strictly for the sake of comparison, the stabilily
boundaries, derived as explained in 5.3.2, were compared in a large
number of cases using, on one hand, the equation with the extra non-
linear terms, and on the other hand the equations obtained in Chapter 4.
In no cases were the differences of much significance. All were

well within the sampling interval (Kp + .016).



5.3.2 Parametrization of the stability chart

[5~1,5-2]

Following the notation adopted earlier , it is proposed

to define a stability chart as follows, in the symmetric case

K =K =K )(S5ee Fig. 5.1
( ox - Spy P) 8 )
I
- abscissa: K = _p,hub , @& measure of the asymmetry of
Iz,hub

the ellipsoid of inertia of the central bedy.

e L’
—ordinate:r=-—*— ’
, z,h 1
of the inertia of a boom (3 p23, if £, = 0), and the inertia

a measure of the relative importance

of the hub. All things being equal, small booms of small

mass will give small values of T.

- parameter. of the plane:
£, = fixed non-dimensional radius of the hub (referred to
the booms length})

- parameters of the curves:

= 70" ms 2 . . .
A =g W ¥ (m ) , a ratio of certrifugal to elastic
cant

forces, large for high spin rates or very

flexible booms (E, I small; pi" large)

Thus » = constant curves will be drawn on the (KP,P) plane,
for £, = constant, corresponding to the observed limit of stability,
i.e. a point, at given TI', £,, i, such that any slight increése in
Kp causes stability of the observed motion,the nutation angle tend-
ing asymptotically to zero; whereas to the left of it (decreasing
KP), the motion is observed to be unstable, the nutation angle
steadily increasing with time.

In the asymmetric case, one more degree of freedom exists, and

the chart will draw A = constant curves, corresponding to the observed
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1imit of stability, for given &, pr, in a ([, pr) plane of

representation.

5.3.3 The GMI rule
As described in [5-3], a rigid body undergoing a torque-free
motion about its center of mass, but having internal energy dissi-
pation, has a stable spinning motion only about its maximum axis of
inertia, iie. if
I I

z- z
Ef-and Iy > 1 {5.3-1)

£

‘If one of tﬁese ratios was one, there would be no preferred axis of rota-
Lion about which.the satellite would spin after an initial nutation
has been removed by energy dissipation. Condition (5.3-1) is commonly
rgferred to as the GMI rule (or greatest moment of inertia rule).

In the stability chart, planes desctibed above, condition

(5-1) will be represented, in the symmetrical case

by a locus of equation

T4 > i— -1 , (5.3-2)

P

or _
o 2 !
’v
These curves will, whatever the value of £,, tend to the common point
r-20 K =1
p
which they should not include. This corresponds to the case where

the satellite has no flexible appendages (p23 = 0) and a spherical

ellipsoid of inertia. The curves are shifted to the left as g, in-



creases (Fig. 5.1). Their A parameter is A = 0.

Conclusion
For the stability of the satellite with perfectly rigid appen-—
dages, and of the satellite with flexible appendages in the presence of
equatorial vibrations (as explained in 5.3.4 ), the greatest moment
of inertia rule
Iz > II.J%?
should be satisfied for the total, rigidified sateliite. On the
(r, Kp) stability charts, the design point
()

for given
.E)o J?‘

should be to the right (i.e. in the region not including the origin) of

the Quasi-Rigid (QR) locus given by Equation (5-3).

5.3.4 Stability with equatorial vibrations

Stability in the presence of equatorial vibrations, was found
to be equivalent to quasi-rigid body stability. The stability condi-
tion for case E is thus the same as the Q.R. body condition given in
Equation (5.3-3). This result. is in good agreement with

[5-4]

Hughes and Fung analysis in the case where £, = 0. Two examples

are given in Fig. 5-2 and 5-3,

5.3.5.1 Stabiliﬁy charts {case M), using three-mode analysis
Using the FLEXAT program with subroutine CASEMZ, and retaininé the

three modes in the simulation, figures such as 5+4 to 5.7 can be pro-



duced. Each of them corresponds to the same value of I'= 10 and
E, = 0.1.For A = 100, two values of KP are considered -. . corres-
ponding to a slightly unstable or a slightly stable condition (Fig. 5.
5.6). The same applies to a higher X case (A = 1,000) (Fig. 5.6, 5.7)
The final results of the three-mode stability analysis in the
presence of meridional vibrations are summarized on charts 5-8, 5-9,
5-10 for values of A = 0 (Quasi-rigid body case) to A = 10,000, and
for £, = 0, 0.1, 0.25.

IMPORTANT NOTE: When using program FLEXAT, with subroutines SEARCH

and CASEM2, for % R 5,000, the values of the relevant frequency and

modal quantities:
d.m I i)} ? -7‘4;2, . {(5.3-4)

should be given as input data, using option MGIV = 1, or described
in Section 5.2.2. Quantities (5.3-4) cannot be obtained on line
using program SEARCH DP, for such high values of X. They have been
obtained using a multiple precision version (0S-MP or NP-package) of
SEARCH, which is rather time-consuming and should be run only to set

up tables such as in Section 2.8, for interpolation purposes.

5.3.5.2 Effect of higher modes, and of modal truncation

As the tables in Section 2.8 show, the effect of higher order

modes (j = 2,3 ) on the motion parameters is as follows:
o m, 2. /_nn. :
a) 4 ST LY

For small values of X, the changes of this sumby increasing NSUP from

1 to 2,3 . is at most 2.5% for £, = 0, and 9% for £, = 0.25.

. 5-10

by



For large values of X (X = 5,000), the corresponding changes

are 0.03% for £, = 0, and 0.5% for §, = 0.25.

m, .
b) 2.3 (amplitude in r.h. side of jth modal equation)

™,i
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It can be seen that this ratio is at most 25% (for j = 2) of the

value corresponding to j = 1, when j is increased to 2,3

c
) Mg

equations).

The same comments apply to m. g
-

, (amplitude of some terms in the r.h. side of the rate

To assess the effect of higher modes qualitatively, it should be

remembered that, when non-dimensionalized by w5

2y ~i
(&&J”‘ >

and the forcing frequency (precision frequency in body-fixed axes)

on the terms would be, for |qxI s Iq l << 1,
. 1

I - 17--#2I(A - )

W r,»., K
Flel ’° \
Ly ar (ko)
as opposed to !
A
(;)- L, = "' <|
F,"TJ. i
— 42 TA
K
for a quasi-rigid body.
m2
2 ‘
Note that Er—-is always smaller than A .
1
éa = O, . A: 0. 443

™ :

i,

M, < |

J: f” A fs':fé'f-’

Typically, for

L ’ ] e ) ~- Do~
L. 0419 fnzo; 0,430 Jr w00 5 0Ai7 T cr,000
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Therefore, in an approximate sense, it can be said that angular
rates EF will not appreciably excite modes 2,3,... which are larger

than B' by a factor of several units at least.
With these observations in mind, we now discuss the conclusions
of a detailed study of the e&ffect of modal truncatiom on the stability
charts (T, KP; constant X, Eo)e
Tt was indeed observed in the simulation that higher modes never
developed to amplitudes of more than a few 7% of the amplitudes of

"normal"' for

the first mode, assuﬁing i.e, which can be considered as
the initial deflection,-namely close to the shape of the first mode
2 (£).

Within the accuracy retained in establishing the stability
charts (K.p + 0.015), no‘noticeable difference could be reported between
the stability chart determined here on the basis of three medal coor-
dinates for each boom, and that we obtained ) on the basis of a
single modal coordinate .. Se .ing times, however, were larger.

The results of the 3-mode analysis, using program FLEXAT, are

summarized in .  Figures . 5.8, 5.9, 5.10.

5.3.5.3 Effect of some higher order terms

As was mentioned in 5.1, there was a lack of consistency in re-
;aining some non-linear terms of order 2 in the equations ana neglecting
some others. Equations (4.6-20) and (4.6-24) were used in the present
stability simulation. It should be noted that little difference re-

sulted in the stability charts. The angles of nutation, however, are
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computed here by

H<+H?2 -
8 = nutation angle = arcsin G_J%;___l_) = 0(e)
tot

and since they involve quantities of first order of smallness, should
be accurate, whereas the use of formula
(o b = _jii I O(éz)
Hiy
will see @ critically effected by terms of 0(c?), none of which should
then have been neglected;
5.3.5.4 Parametric studies for I, # I)r tEllipsoid of inertia not
of revolution)
With the particular geometry considered here,

I < I <« I dmplies that
y X z

_IJJM, 4 Iz,m

or ) Klr,,:; > K".u.ﬁ__‘

A set of parameters is chosen, namely
Eos % , I', number of modes.
In the (K, K_) plane, the bisectrix of the first quadrant, K _ = K,
Py px px Py

will correspond to the symmetric case,

K =K =K
pX Py P

and the limit of stability Kp*,such that Kp > Kp* will. ensure stability
of the motion, was found previously. Furthermore, in order to satisfy

the GMI rule, we must have p

K'r‘f* ok KM 7 1+2T4



In order to determine the parameter region to be studied with

program FLEXAT, it is useful to note that

y Ixh
or U N | 4
ks Kex
and _i_ + _i_ >-f
by A
Similarly, from
._f<__,__IZR‘ L xk <
I
Lo _’___jg |
Kio Kby

This is most conveniently represented on a (lprx, 1/pr) plane.

(Fig. 5.11). Thus,if

X_ 5 1 j¥: f

T Ky

"the admissible domain of study is bounded by
J, - %, L X <it2lA
Jo F X > Y italh
X, - Yy <1 |
Xy Yo Jyo

K
In particular, for a comnstant ratio of —EE'(or

are shown by cireleson Fig. 5.11.

K
Py

I
)

Ixh

s the limits

5-14
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5.4 Conclusions

A program has been developed for stability studies and simuelation
of the nutational motion of a spinning satellite with flexible
appendages. The results of this program can be used with profit in
the preliminary attitude design, to ascertain stability, determine
the importance of structural damping and study the rate at which nuta-

tion is generated or removed from the system.
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CHAPTER

6-1

6

Other Topics

The present chapter contains a short note on the use of the sta-

bility charts in deployment dynamics, and two bibliographical reports

on passive nutation damping devices.

6.1 Stzbility charts and deployment dynamics

6.11 Dynamic parameters during deployment

A deployment phase such as the one for IMP-I may be summarized as

follows, if H, &, &, W designate the angular momentum; length of

booms, non—-dimensional radius of the hub (zi), and spin rate w
3 P s

STATE
"1"
(for t<0)

STATE
NZH

(for
O<t<ty)

We define a "state" as a set of values %, £, w_, H.

"k" orbital periods

S

- or +

0~ -~ 1
Iﬁ L & time
£(0) 2(ty)
£, (0) £t | Sign
w;(o) ms(tl) ry<t<t; +e  etc...
- +
H (0) Extension H (0
VA
RESPIN AT t=0 RESPIN at t=t, +e
L(0) L(t)) :
£, (0) STATE
+ E(tl) I|A"
(0) ¥
Wg w (t1+E)
ut(0) i
H(t1+€)

are used, let

'H
o

def

H{2=0) = Iz

i
h sSe

If non-dimensional variables
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H(any state)

= = =
h(any state)def , h(2=0} 1
ms(D ?dgf wso
Thus ,
I_w {1 + 4radI 2 w
h=—2% = R i T A ) (1)
Hy Izhws ° ° 3 wS
0 (0)
with
r =_%&i_
z,h
2 1

A:E°+Eo+§

moment of inertia of central hub about "z".

=t
1]

z,h

©°
i

linear density of boom

In view of these definitions, an extension maneuver at t corresponds to

hit - ©0)

h{t + 0) =

e{t + 0) = 2(t - 0)+ AL
ms(t + 0) (1 + 4TAYE-O
w_(t - 0) * "0 7 4rayceo

]

in which A% is specified.

A respin maneuver at t will give

2 1, g (tto)-ug(e-0)
h(t + 0) = h(t - o) + (1 + 4T(g_ + £+ -?;)}t+0 -

s(0) .

2 1 1
(L+4r(e, + £, + 3 5 Mo

2
FPhao = (L +4r(g, +§_+

in which Gms(t) = ws(t + 0) - ms(t -0) is specified.



For a satellite of given hub (xg, Izh specified)

1
X o M3 _ %P 2 2
Y =5 @

1/ 1/ 1
zh ¢ £

with S a fixed non~dimensional number dzf

Now, substituting (2) for £, im Equation (1)

~2/3 _ ;1/s

_2 -
w = o [L+4r@G T +5 [ + 371
s Sﬂ

If % is specified in any state,

pt®
T = 1
z,h
can be computed.

To that state there corresponds an Etkin's number

2

_ w2 pihe 11 - 2/3 4 Lyt 22
A=%%'—w P se My a@r/Pesr t3DRIR
S  EIx °

y
. px _ -
The quantity Efl is specified for a given design. Let R be the non-dimensional

quantity

1y (2
&f iy
! ET
w* e

Then
-2
— — _ 2 I/J — 2/3 { 2
N - &g‘iuﬂs r~+s r +J..f)] 4
- Yo
Y 4/ — —_— 23
LR st i)
i
(2) and (3) thus give Eo’ 3 during the "states"of.deployment as functions of

boom's length and angular momentum. In these relatioms, E{b and S are fixed

S0

for any given design.
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6.1.2 Stability during deployment
The determination of the stability during deployment will thus
proceed as follows:

a) E/ws in computed {a fixed quantity), then R for W given.

o o
b) S, a fixed quantity, is computed;
given the state W t, £, and H for some t:
¢) compute h;
d) compute I' ( )
e) compute A(E°)5
using the relevant formulae for either respin or
extension maneuver
f) -compute % from (3):
g) determine the stability of the corresponding (KP, I') point
on the stability chart corresponding to the computed

values of‘i and £,, using program FLEXAT of Chapter 5.



6.2 A SURVEY OF PASSTIVE
NUTATION DAMPING TECHNTIQUES

Prepared by

William 0. Keksz
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1, introdnction

AR TR LAk R T R T Sk O

In this paper, several nothods of pasgive nue
tation damping aroe surveyed, In a review oi rigid
hody dynamics, conditions of sﬁability ~rie prescnted,
Ball, pendulws, and fluid cdompers are surveyced, among
others, along with cffects of magnetic and.graV'ta«

~tional torgues and structural hystercsis ecnergy dis-
sipation, PFinally, a fow active andlﬁeminJSive

aystems zre menticoned in the way ol comparison.



Moments of inertia ab@ut.x,y,z axes
Products of incrtia for xy, Xz, y% plancs
Body-Tixed axes, z along spin axig
Tnertial axes, 7 along ﬁ

Total angular velocity
Components of @ along x,y,2z axes
a( )/at

Angular momentunm
Generalized coordinates
Mowent in direction of 95
¥uler's angles |

Precessicn rate

Spin rate

Nutation angle.

Magnetic or structural hysteresis faector
(p2 + rgﬁ = component of & in xy plane
(C ~ A)/A '

AT ;;fcrcing fréﬁuency

(~1)’

Unit vectors along X,V,%

o

"3

E
r

Maszss of

main body
Damuner nmoes

Radiug of Tration
y

Otlier symbolg are defined throuwghout the

et aw needed, oo o T T s s T T T e
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1T, Neview ol Nigid Body Dynoamics [Sﬂ
A, Delinicions LT
1. sulerts Angles
If X,Y,7% is fixed in space and xX,y,% is the body
Fixed system, we define the Buler Angles ¢, 6, and ¢ in
Fig, -1 . The spin axis is along =z, and:
¢ = precession rate
& = nutation angle
? = spin rate
The uwnit veciors ?,?,E lie along x,y,2.
We have: |
X] f(cos ¢ cos@=sin ¢ cas 0 gin'¢)
Y|= (cos ¢ siny+sin ¢ cos 8 cos ¢)
20 (sin & sin ¢)
(~sin ¢ cosy ~sin ¢ cos & coz ¢) (sin & sin @)
(~sin g sing +tcos ¢ cos & cos ¢) (~sin & cos ¢)
' (sin @ cos )  (cos @)
2 Angular Velocity

17 Eﬁ:cvx? +vaf-+ ugﬁ is the total angular vel-
ocity of the body, then:
@] [(sin @ sing) (0) ( cosg)] [¢
wy|= (sj_n@-c0§ ) (0? ’ (“Si{l @) 5/
N “(eose ) LY Oy b LQ T

2
Note that r is not the spin rate.

In most casecs, the lincar velocity of the center

of mass is igrnored Tor danmpelr analysis,

Y
K

-
bt

£
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[wat

Angular Momentum

.
AR LI [
i1a . <43y ~3Rm
g Ad . A4 A —
= |31y - 3in =ik i.@m
AN A AA
N 5 I | 4 S kko

The above is the angular momentum in xX,y,%s. For

-most cases, we can dgnore the exterunal torgues produvc-—

ed by eleciromagnetic Tields and grnvznatnon Y oyvadi-
ents, Thusg i1 g constant in inertial spaoe (X,Y,Z),-
and thus we can align the 7 azis along i, 1t X,¥,%
are aligned along the princi‘]e axes of thé hody,
DB, F = 0, and: 7 o= Ap? + Bai crkt _

where p,q,»r are_thecvy, Y9L) for &lignmenﬁ'with the

v

incinle axes.
rivcinle [o¥d

.

Kinetic hnergy

The kinetic energy oi the bodly is:
o

T = Y(Aw 2 4+ - Dew 2 + Cuw “)’)

X y

- D@ - B - Fa o
s x

}.‘ X B y 7
and for the principle axes:
2 a2
o= WBAp® + Bg© + Cr7)

N

Fuler's Iguations

Here DBuler's Dguationsg arve presented only for a

v

principle axis x,v,%:

Ly = AD 1+ gr(C-B)
Ly = B 4+ priA~C)

L"% = (_',l' + p(}‘(}-:*f\)

vwhoero LysL,, and IJ, are ibe exteoraal moments about the

corrosponding pr achlo axes; bhere they will uas sl ly
be wera, '



TPoingot Tllipsoid

-
Fer o rigid body, T = constant, anrd thus:
L

s 2T

‘ = o= = (3
11 11 v o
— —

This must be the componcnt of @ along B and %, If both
sides of the encrgy relationship are divided by T, we
get: o D) ' o
' 1= ol 4+ i o+ e

T2i/A T 2Y/B 27/C
Thisg is the Poinzot ellipsoid., 1T a plare is placed pei~

pendicular to'ﬁ a distance § from the-center of this
ellipsoid, we sec the Poinsot ellipsoid rolls or the planc
{called the invariant plané), without slipping} Thoe con-
tact point is the tip offg (rig.Ti-2). The curve tracecd
out by the cortact point on the plane is the herpolhode,

and that on the ¢llipseid is the polhode,
Bedy end Spdce Conesg (Axigymmetric Body)

I'rom the above we soee thatfj'Sweeps oui a sur
in both the =,y,s and X,Y,7Z frames, I¥ € = 0 and we
have an axisymmetric body (A=D) then {kese are bhoilh
right circular concs, Tiron the relations belween b,g,¥
andﬁ/,b,ﬁ?suhstitutcd into the Buler moment ecquations,
we have:

by ()%

¥ = tycos o

et ——— a1 - B T R T PR St et e S I T S
{a) C=h: ¢ and ¢ are opposite in sign, and this is
Ckpowvn as reiromvade precession.
¢ . )
(b} C<As @ and £ have the same sign, and this is Iroim

as dirceet o posigrade precesgion,
- : o .



Iﬁi Point of contact
. / i

// demen——Tferpoihnode

olhiode

" Invariant plane

o -.—-/__—P

Fig, TI-2: Poinsot ellipsoid.



I Body cone

(a) Retrograde precession; > A.

(e SPOCE COND

Body corne

(b) Direct precession; C< A,

Piz., TI~3: DPrecession of body cone rolling on

bt}

spice cone. & is along the line of cont

T

-

&

ci.



The bndy‘coue rolling on the .space cone for each
of these cases is illustrated in Fig, I1-3. The angie
belweaen W and @ is e

tan ) = (p2+r2)//r = T/r
where(@&'is the component of & 1yjnglin thhe 2,y plane,
The angle betwecn ﬁf&nd?? is & ;

dan €@ = (A/C)/(R%/r)
_ By substitutingn = [(C-A)/A]r = Ar into the
Fuler equaﬁions, we hove:

p+ng=0 —> P = =g
, q-4p =0 '
Thus P +.0°p = 0
and P = Pq cos Nt 4+ (p /Q) sinJdit
' q = B, gint - (po/a) CO;-Gt

Thest last imply Lhai(ﬁr (p”© zq?)/2

rotates ahout ithe 2
axis at the Tatedl, '

By using a complex analysgis, Ames @ud arndrhan
show that [1]:

L2 Yeooint
w H ] f ' i

- A Note on Unsymmetfical,ﬂodies

’ The re]vtjona fO?Eﬂ are given by Thonzon for the
case AD®C and I ézTn, a hocyfupannlhb"uooui ite axis

.ol least inertia [‘BB

) 2 . 3
u :.._aaq LN
p o= lA(A o) en Tl - tg)



ST o)
291
. 2TA - 117 .
r o= - [E C)] an £(t - tg)

[ 1 e o - ¥ "'
'l':"}} S j-. (]l (?.}i'( 2.1 J‘L ™ 11 )

and -the modulus of the e¢lliptic Tunctions isg:
m[(ﬁ.m B) (5% — 270yl
(B = C) (27TA - Hg)J _
This results in spin about the % awxis with a superinposed
wobble, with a & _and €. -+

k

Tail miil
2 . 2\ 7 o 2
cos éhax = C(27TB -~ I7)/(B - C)1
2 " 2 2
cos 6%in = C(2TA -~ H7)/(A - C}H

Migeellaneous Concents

For.a rigid body, T is a constant, If we let the

initial condition he;

p = Py 1 &

q,r suall
where € is small, we can differentiate the Lnler equau'
tions eand subsitituice forlp;q,r ang ﬁ,ﬁ,f, Then:

¢ -+ plzq(A - BY(A - C)/BC = 0O .

¥+ opy A - BY(A - €)/BC = 0

These are stable only il (A ~ B) and (A - C) are of the

same sign, Tbhus they are unstable only if A is the in-

[

~termediate rotational inertia,

Energy and Stabhility

In a real spaccerali, there is always an energy loss
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due to ilexure of nonrigid parts, magnetic hysteresis,

ete. Thus we bhave 1<0, ~

For an axisymnetric body, we have:

2T = Am@z + Cr2
Dz.xeﬁga&z N 02r2

Sihoe‘Cr = I1 cog @ :

e

~ 2TA = cos®® TE(C - A)/C
or T = H&[l - 00329 (C - ﬁ)/C]/ﬁA
.Since there are nos external torgues, II is constant, and

[

. = [H%(c -~ A)/AC](sin® coso )&

(I-}'g?\/C) (sin @ cos & )"ef?

It

Thus, for decreasing T, ¢ decreases only if C»A,
apd the satellite is spiniing about its axis of moximum
'ineftia. This is the stable condition, For a prolate
Lody, ibere must be ah CNnergy inﬁut Tor stability, which
inplies an active nutation control,

The change ih energy reguired to stabilize a pre-
cessing hody can ecasily be found, The.desir?d'energy
state is: |

T g ’f"’gCl‘fg |
whére the subseript f denotes final condition. Since U2
is constant {26] :

2 2

B = A.?'wT 2 %y 2 2

+ Car = C'r,." = H

Then rj‘2 - (A/C)a%2 + r2

Thus aT = frp e Tff - j’/‘.‘ﬁ,(l - A/C)U—"ﬁl\?[
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For an oblate body (A<Cf, thig is the precessional en-
ergy, the amount to be removed{ Tor a prolate body, it
is the amount to Dbe added.

Also ¢, = (r =11) tan& = (C/A) r tan &

W

Unless stated otherwise, the gatelljte will be
assuned ax¢5ymmctr1c about the z (spin) ah1s, A.:.B;
and oblatc (A<C) for the bclow '

11\
JI1. Passive Dampers
A, Balltype [4, 24, 36 ]
1.

hounted in the Meridian Pllnc

ThlS type wae first used in Telstar and later in
ESHO Il.l ‘These consist of a ball allowed to roll in-
side a circular cross section curved tube which is
filled with a rgas. Two are uged, diameiricé¢ally opposed,
to maintain symmetry, and mounted in a plane through the
spin'axis. Eﬂergy dissanation comes about through vis-
cous friction between the ball and gas; rolling Triction
between the ball and tube wall, and ecollision of the
ball_@ith the tube end, the latier oniy at large nuta-
tien angles. ' o

Such a system is shown in Fig., I1I-1, Accorcunrr
tp Yu, ithe rofational mot:on of the ball (of radlus a)
is given:

(2/3)ma? @/r) = a - N
where It ié the friction force at the contact paint.-and

1.

N the rolling friction tqfnne. N }s anproxtmdbely an
erder of magnitude smaller than the viscous tern. Neg-

lcct1ng N and au.,um:m'r 0 small, the motion of the ball



i,

ol

}7

I1T-1: Dall-typc demper mounted in

meridian plane.,

12
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is degcribed by o ‘
ol (50/7m)&.- (5br2/7n)d¢# ()h/W”)COSJLt

where ¢ is the coefficicent of vigcous iriction. The
time average raic of energy dissipation is, fer viscous
friction:

()

a1 /At = 2 A/20 = ~en “n® o /2

where MO = &1 mhﬂg/rz)[(l ﬂJlg/P2)2 + ﬁn.ﬂ /P*]“é
5¢/14m

n

1/ :
andc P (Ebr /TR)Q is the navural freaucney, the

square root ol the « coefficient,
We -end up with an cxpotential damping:
& =6, T
0 .

T o= seldd - 27822 4 anta’ / 4
Trmlt” ) (h+ 1)°(1 —-A)

ang

If rolling friction diggipation is included;
d'i‘r/dt = 2FRe, [l /9

s

vhere F is the rolling Triction, and:

6= (6, -F/A*)emt/?l-r/x/

o

b

‘)’}n[( + O /(L + Byl ¢)]

Numerical computations show that f# is substantially less
than one degree, Thus the ViSCOU“m only r>ﬁn]tq can he

used lf{7 is somevhot preater th 1 one degree,

The damding Lime can be greatly reduced by gesigning

a resonant system, nmalking P =0, “Yhen:
] = Sh/T N
Loy = SP/17
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The time coastant i then:

- ! A 2
al - BBHCZV%mm (A4 1)r°(3 -2 )
res s .

A resonant u;mper coald not b“ used in Telstar be-
causc A was ClOdu to mero and voom had to be wmade for

an clecironics pwckage, preventing a small value of b,

It is possible 1o conccnve of dampers using
straight tubes or tubes concave outward. It is easily
seen, hovever 1hat the equilihrium position for the
‘ball during nutation would he at the ends of the tubes
and {the final spiﬁ axis would not coincide with that
- of the satellite without the balls,

The paramelors fer Telstar were A/C = .95,
?7_ 20180 rpm,; R = 15 £1, m = 0.0021 slug, a = 0.242 in
(tungsten for ite ].argﬁ'density)s ¢ = 0.00193 Ih~sec/Lt

(neoni for its h;mh vigcogity). The thLO;GtiPEl damping

.

time was calculated to be a meximum of ahout thiee min-

uteeg,

Nofe that a gas of low viscosity should be used for
a tuned (resonant) dﬂnﬁer, as n, proporiional to c, ap-
pears in the numerator of the expression for 77

L

res

The problems 1n this analysis are due to the as-—

guned smalldﬁ and line a114qt10n oi the eguations. G.T.

Kogsyk devisced a grounﬂ test of a model supportoﬁ at
ite center of gravity whiich showed that the eXperimein-
tal 7 was ahout four times that calculated using the
pean value of ihe transverse inertia moments, and ninc

tiwes tnot uvsing the winimuwn valuwe, Taking these Tac--



torg into account, the 7 for Telsitar was calculated to

be no more than thirty minutes,
Mounted in a Plance Parallel to the Dguatorial

Two of this type were mounted in FI--I, and one in

the HBGS spacecralt, which also uscd a liquid damper,

I b ig the distance from the damper plane to
the center of gravity, Bouth ciriteria appliecd to the
. e s i : 2 . :
Buler equations indicate that b/R< 1 - mhi”/A is ncces-

sary for stability. Also, optimwn Gamping (minimum 7T)

v is given by a viscous Triction coefficiernt of:

ST - Y- 3. T
coﬁﬁ = Tl r[l&nh (A + 1}.(0Aa |

This results ing

2 3]k
o = (1/r)[SGAhﬁM1 (As 1)
opt S

Experimental resulis agree well with the theoretie
cal. For twe dampers and N = 0.61, h = 0,15m, R = 0,2,
r o= 0,2_“&&/5@0, angé 250 gm give a mawimum 7 of 120 sec

for reasonable &, The experimental result was 130 scc.

With all parameters ecual, the efficierey ratio of the

equatorial to meridian damper is [kl + A)/ (L - ))]2.
TRAM Damper [24,25]

The TEAM danmer, used in Tiros, is essehtially the
same in concept as the meridian-mounted bhall damper, A
small moss fitted with rollers is allowed to run along
a curved monorail (Fig., IrX1-2). The diffcrence lies in
{hat there is no fluid involved, 80 only rolling fric-

tion exists. frow the ball damper analysis, it can be

-



e

e

Fig,
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JII~3: Tircs TEAM damper.
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seen that this wvould behave woll only at swmall &.
. .
I'or Tiros,‘the danmper mass was about 0,001 of the
total satellite mass, and assured a € of less than 0,5
2 .
degrees., The tine to damp frowm 2.5 to 0.5 degrees was
R
v

p)

aboui one minute. 1t was choscn because tests showed
that the tube radius L of the ball damper would be
greater than the track radiuns of TRAM, A]so,'it was
fouud that the ball damper rcou;red ar A/C net less
than 1.6(N 4 09375), where A/C for Tiros was 1,45
(% = 0.31), B
o

Pencdulum Demnpsar
Spin Axis Pivoted

The motion foir & satellite with a pendulum piveted
con the spin axis, and(moyigg in a plane perpendicular
to the axis was Aescribed by Cartwright, Massingill,
and Trucblood [6]. The ariving frequency of the pendu-
lum is the Trecucncy of the acceleration due to nutation,
N =2ar., Vithout friction {the pendulum would oscillate
in synchroniom onﬂou,LGCbT atfl, as in Pig,I1I- Ja. DHow-
ever, if'the pivot exerts a frictional torgue, the pen-~
dulum lezs behdind this pesition by an angle & (FPig.TLI-3D),
Thoe resulting tornue on the exisymmetric nain bouy caus-

es the damping. As this }ag angle jnvvca?@q 50 does

tho daww;pp, proun:_mg the convex ﬂﬁlblﬁn of PLg.IIT“u

and called the "nutation synchronouvs" mode,

Vhen 9 reaches 90 ooproej, however, ibe pendulum
is no longer in sync Jff\Qﬁ” but is driven toward syne
chirontsm with ». This is o decreasing-ratco uocuv vith

ks
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o ouperimposed conversenst esciliation, It would be doee
girable t{o ‘“-.."o the vransition.betiween the two moces at

as smnll & & as possible,

S XF the mass is assumed small go thot the &, rototes
A
pre v1ce1v at the nutation rate (A +. 1)y = & 4 r in iner-

tial space, and L small, we hove:

e = (mﬁh/ﬂ)(h + 1) sino{
oL (cp/m)& + (BSEY(A 4 1)r2€siﬁo{z =m(c_z},}/m)7‘\1"

where o is the angle between the 3 oxis hﬂﬁ‘ﬁa, szsumaed
: : i

approxinaiely cqual to &, Also, cp is the friction co-

efficient of the relative velocity between the pendulum

anu main hody,

Computer snalysis has shown that the o term can be
nezlected, To find the time . and nutation angle a2t tran-
sition between modes, ve set o = /2 and integrate the

above ecuations. Thus:

£, = wclj(f/ili"ai:‘)h/(l + 7\5?

:[(902-“ ). /c £ ] c/2

Numerical intnurntlon ofrexact equations show that the
firvst eouation overcgsiimates 9 hy as much 25 a factor
of 2, andthe sgecond uﬁdercstlmatcs t% by as much as &

Tector of 2. Also, Tor ithese eguations to be valig, oL
muat }Jc el -Aero at time—to=-0p thus: "“"”“f—"f”";““”':

ne’ e< Cﬁoz(ﬂ/c)/(l w 3/0)

ig a necessary conditien for their validity.

A Because of its nonsymmatry,  there will be a simall
Tival nuitation angle vhen only one damper is uscd:

Qf = (/Y (x o 1)/



—==Centrifugal
Torce

(a) Configuration. (h) aAngle definitions.

¢ % ¥ 12 frs 20 - © o E xeo ?;—% ;:;;
tine, sec time, sece
Yoo {0 ) Bxmeridinental comnarsion:
)}, Smnil £
2. lLarge £
3. Douvble

Fig, YXIT-3: Axially-mounted pendulwma,



ir cp is large, t. dcorcusc‘ hut @ 1ncrca 0S8,

A cp is an increasing fuactjon of v010011), there

will be stirong dampinn at the beglnnlng. As the rel-

ative velocity decreases, so0 does cp, and the damper-
main bo‘"' f“ten is decoupled enough to delay tran-

sition,

Another improvement would be to use two pendulums
df different radii, Dxperimental results show thesc
to act independently, the lohg one damping quickiy at
large @ (Fig.TTT-3d), the short at small 6.

Pivoted Avay From the Spin Axis

The prob}ud of a péndulum ﬁoving in a2 plane per-
pendiculﬁ“ to the spin axis and pivoted at a pd’nt
away from the axis huvc been &Luu:od by FdQL]tIHC [jo,
17] and Newkirk, Haseltine, and Pratt {23].

It % is the rotation required'to‘reaeh a point on
the body, the kinetic energy of the sysiewn is [23]:
ST x2 2
T = % LL§ + A@@ + N(%XP‘ J
where ¢ = 1 +’%-

o= Mm/(M + m)

and~i~wlo the--distance fyom- the -cenver—-o

the dnmper nags,

Using a set of modified Lagrangian cquations:

d(JT/a&i}/dL = Ly

20



Centrilugol

¥
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force
Fig.¥lT-4: O0fisetl.

(2) OFf-design equilibriun
for two olffsct penculums.

7 ™
{ ¢ ]
o Lo o : 02 o
X "
. Y £

(b)) Offwdesign equilibrium for four
pendulums.

Pig, ¥I1~-5: Cffsel pendulum dampers,



- vhere

22

in whiech all the qu are nero except:
. >

' -
1 = e
T TP T
The following equatiens result

3 - ~(e,/a) (8 - 1)
Re (4 ~ 1)/ (AT - b7)

-

r

it

+ CD .0 p/(iC - )+ PG

= -prr + CCep/(AC - ﬁz)
- . - =2
+ Dcp(p - 1)/(AC - D)

Lo X

p= (&= Clar/(R 4+ T)
v Cig/(R + ©) = B(r? ~ a®)/(E + T)

1
H

Ao+ ﬁyg

ﬁhg

Lo}
it

N

=
I

= Wby

and .y is the y coordinate of the mass, No small angle

assﬁmptions have bheen nmade, If hovever, € and m are

small, $ constanty, and other limiting asswiptions are

made; ' ‘
g

13
1]

~cn(§ -~ $)/C .
+(Cﬁ/2ﬂ.§)_‘§({j’g“.‘ls + I:TC]S)_

U -~ i(C/A)PU = -(Dfﬁ}%gels

7+ |

T

i

where 8§

s
My

U = sin & (cos)@; + 1 oin (@') R

Thus {10 = sin & £ &,



Three diifercint solutions were tricd Tor this set of

equations: ~

(a) The stable soluticn in which the damper does not
rotate relative to the main body. Then [UI _2'6% =
constant,

(1) Slow damping® in which the damper has a small.

oscillation about a Tixed point on the body, resulting

in B
-t
& = 6900 /7"
a S 0 ,
(2(c - A)ACT [(cp/c)(_ + (C - A) jé ° /T ]
T = "ty
CI)_,cp

(c) C "Tast damping" in which ihe dampér rotates at

thte nutation Irecuency Cr/A. Thie solution is good

only vwhen € is not small:

67 = 6,7 -[ec, (0~ M/ch - 2niPor/a’]e

+

The adventage of ofis ebtln” the DlVOu polnt from
the axis is that it would appuur that the penanlum

wisl align itsclf radially outward from the pivot,

23

Then & countvermass could be wmounted Trow the GQuilihrim

PTG

-ZJ

uin . pesition fto wresenve.ihe. g > 1 },,,,ozﬁwtho satzllite,

I

w

with no residweal woblile. An

:I

alter
diametrically opposed pendulums ( ig IIlrﬂ)

te is to cuploy 1,‘.(0



Por a pendulum offsel a distance b and ¢f arn

length £, ihe frequency is: »

¢ Al D hC
m;v;:,- o+ A tanf

I"'or resonancoe:

250+ () s DING]/H% = /)7

assuning w = r, for small &, If Z is only slighily
greater than zerc, £ can be large. A solution is to

use a pendulwn of radius of gyration g.  Then:

2= (b e DA+ 5207

Hascltine [16) Das shown that, wheén:

(,f/b)'[mhp‘/((i -~ A} - (m/}-.i):] >
The angle bciwe&ﬁ the two dampers will not be 180 dew

grecs in the steady state (PMig.IT11-5a). Then:

o ; .2 .
cosp = leszer of one or H{C «:A)/2ri"¢  and the
apparcnt wobhle angle is approximately (2ub/f sing )/(C -

- ITageltine also gstodied the motien with four iddentii-~
cal wpepdulumg mounted ¢0 degrecs apart., Again, experi-
nental ‘resulis showed possible equilibiriuvm positions

resulting in a residual wobble (Fig.ITI~5h).
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Loiguid Dompeig

Spin Axis Couccniric

The use of an annulus pairtially Tfilled with a dease,
high viscosity liguid, usually mercury, bhas proven Very
ponulayr; il was first uscd in.Syncnm and the Explorer
series [Qﬁjq The basic theory was 1aiaA0VT by Carrier
and }Miles (5] Tor lamilar flow. The eguations of motion
Tor the body are similar to those for the pendulwm, since
both systems are eircularly constrained. The dimensions
of the sysiem are given in Fig. I1I-6., TFor small & , it
wag W&RUMCG that tho licuid was in contact with ihe en-

tire. Uubcr uurfmge of the annulus,., The rate.ai which

enexrgy is dissipated throughout the fluid is, if ¢ is

the dcnsity:
h“«a?ffj (v X v) GV

vhere VvV is the fluid veloeity, + is the Kinematic vis-
cosity, and &V ig a differential clcoment volwne, AS=-
suming the irrotaticnal componeni of velocity cannct
contribute to the integral.

L 8% an’ 5:(?110) |(‘I/! f

where n, = (1. 4 A)g(l w'a%/R)R

G = (ign/m)”
A = (nx - n)G + (n, + n)
h o= 1 P . 9% AT

This resulis in a time constant of decay for 8 ef;
T = FA/oR"n’ p)%l
2 y 2 . 11‘"’ 2 =
Alon - m M v 280 =yl s G e ]
and [ = B N )

52" ( - n, 2led
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This is at a minimum in the ncighborhood of n, = 1.

Then:
. 1,;" ) i KX
U pin = A/87( 7\ + 1) ¢
and , if /!’<\

o~ 2 2 i
a;unb‘/u.+h) -}1/0}@u
is the resonani condition, The vaviation in thiclkness of

P’

a,. has Deen assumed small,

For large ©, the Tluid completely fills the cross
cection of the armlus over .an angle & (Fig.T11-7),
The energy dissipation is then:

. 1,
§ o= a9 2 a . a)e
The time consiant for large is:

= alie?relpl gl ) % (e s a)®

For R = 10 co, h = 10 cmw, d = 0.25 cm, a, = 0,05 cm,
= 1.3 kg - m?, A = 1/3,@w = 12 rad/scc, ¢

-3 2 . . . n ’
ana Y o= 10 cmi”/sec give a denping time of 14 sec for

|1
ot
2
L]
[=2]
~
O
G

small‘e. If a resonoent damper were designed, a. would
be 0.637 cwm and T = 0,00044 scc.

The large € res ult Tor the above parameters and
Gy = 1/6, @ = 5, and (& + d) = % cm gives ¥ = 200 scc,
ITowewver, the leynolds nuswber is past critical for

a

1

HJ

~
|9

s

. . : P I sl an e -
'LhCFr:.e' and the-increcssed-frict WL G- reduce- T to

about 70 sec.

The above wonld indicate that it would be desirable
to design the damper Tor reosonauce. However, d study
by Fitzzibbhon and Smith [35] shew that sigpificani ene-

ergy con be glored in ilic surface waves on the Tluic
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v Damper parancters.
Fig,111-T: Large

Fig. 11181

time
h fo Re L7 Fo
time, sec
Wobble ncar Fig,117--0: Ixperimential

resonance, comparison of ball

& fluid dampers of
cgual mass.,



neanr fcsonauee, with the result that energy is trod-
ed baclk and forth between liguid and rigid body. This
can result il the damper mass is as little as 2% of
the main body, resulting in a history of & as shown.
in Fig, 1711~8 [Efl.‘ This can be overcome by damping
the ﬁave~mbtian PY,thé use of ﬁafflesd £illing the
void with a Yight 1iquiﬁ'suéh ds‘alcoholi or-usihg e
nough damping Tluid so that the void is small and the
waves impact the inner surface of - the damper. Also,
damper mnasses are usuallj much swmaller thaﬁ 24 of the

main body weight,

The advantage of this configuration is that it
assures synmetry in the steady state, with no appay-

ent residual wohble, as is the case with single, and

some wmultiple, pendulums, A comparison of a Tliuid

damser and gingle spin axis pivoted pendulum damper

of egual mass from experimental rqsﬁlts is shovn in

Fig.111-9[6], |
ThelHEOS usged a spin axige concentric mercury

and alcohol dampér for small © , less than half a

degree, and one equatorial ball daﬁpcr for Tast danp-

ing at larger @,
Unsymmetrically dMounted

Ayache and Lynch analized toroidal and rectangu-
lar dampers of circular cross seetion and a Uushaﬁed
resonant damner mounted in planes paraliel to the spin
axis [2] in terms of a Trictional coupling factor

f
. Iis
inversely proportional to 1he time constanv. Oniy the
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resulte are presented here, fThis is for small A1 only,
the spacceralt nacrly despun. “Most of the stabiliza-

tion is due to a Tlyvwheel on the spin axis.

For a toloidal damper as desceribed in Fig.1T1-10a:

VAR S T S AL {E U ST

1

ps = imag real

fQG o El{'(iO/l"‘)i/o K ‘:= (r/ﬂf)g(?Ff>’_,’3 /fr

JO’Jl ='B@ssel”funotionslgf'ordcr Zero

and one, roespectively.:
" This is plotted ve, aﬁtﬂfv)% for variouns bubble sizes
in Pig, JiT-10Dh, where &y is-the tube inside radius.

The rect dnﬂu1ar dovper haH a Trictienal coupling
Tactor (1 - ) that of the torOidal, where (Fig.1II-1Ca):

W o= (u - 1Y/ (o + b))

Thiis means a greater time constvant.,

Fer the U-shapsd dawper (Pig,I111-13):

28 = (Fghy /A )1 ~8) )

g = 1 dimag

" De s g - 21, (L -a)
| : . J
. ; 2 -
vwherei o= ? (',i'lt'/,f-';_;,:') ( I‘/{Q'} P —|/,€ T T e T T

Ay

Hi
[
i
b
et
~
ey
o
fasy
o
—



(a) Toroidal

o

|

AR KA R 1 .wl-' 18
___f___WG:Aﬁééﬂ S T (c¢) 10;01&71 st

Fig., ITI~10: Toroidal and rectangular liquid dampers
nounted along transverse axis,



Liquid Void 1. .
. ,

= 7.7511:}

A
t

Fig, TIT-11: U-shaped liquid Qanper.
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vy = velocity of the tube wall

-~

g = 06 - ve ity

o
it

o r7L/0,,

N

Tzcﬁ/ata)SOL Y d?%

r, = radial distance from tube ceater

Disk Type [36]

In this, a disk is mounted on 2 hall and socket
at the center of gravity. F » best results, the Tric-
tion should be small, To my knowledge, this Lype has

only been uged in a test model by Perkel,

When the entire body is spinuing smoothly and
then diéfurbed, he disk dawmps down more quidkly than
the main body. Fon\sm@ll frictioin, the damper plane
is merpendicular to‘thé prec;sscun cone axis, Up to
a point, greater friction causes Taster demping, The

limit is when sticltion cccurs, freezizg the damper,

The damping is exponential:

-6 T

0
P 2“ 174
a1 Ory Oy [, _ Oy l.{ S\ 1"
Co M Cph ] & o

where CD’ AD = polar and transverse moments of
inecrtia ef the dompor

—

01D = initial ancle boetween 1T and dizl axis.



YI the anzgle between the dish ond body axes is small,

r moy be approximated by 1/C. .

The sticiion problpm can be ovoercome by usging a

lubricated bcarinz, ”ho visceus Tfriction censtant
for minimum 77 is: : -

K. = 1 = CA/C AY(n o+ 1)r/a.

(g = Cpf CAL/CpAd( r/a

Mass-Spring Systems

Perpendicular to Spin AXis

vadleigh, Galloway, and Mathur have treated a
spring-nass system mounted on and pervpendicular {o
the spin axis [35). If X is the spring constant,
c thc damping andévn the natural frequency:

r = 0 |

D 4(1q = 0 o :

G njlp - ?(c/c )(m:mn/u)x - (Kh/A)x = 0O

2 ] 2
2 ?)

_y§*+’2(0/00k@nx - (gq” +r - )R - hi'p + hé =

1 oy
W, = (K/m)” and ¢, = 2/{¥m) "~

If it is assuned that the sinusocoidal characuer
the oplnﬂlh" hody ]“ not ﬁ;fccted

p = pd ey (=10, 5/4) cosflt
vhera F., isg the Rayleigh digsination funcilion:

in®(6/c e ACA DL+ AP

of

(9%

Y[y /r)? =1 =2 %) 1 ate/e )P /)

S
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Fig, II7-12: Performance of nNass-spring dampers
mounted on and perpendicular to
the spin axis.
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The maxisun amplitude of the mniass escillation is:
= ¢ {r +.0)/2(c/c (L
foht(r +n)/2(c/ C)@nr

man

(S

Finally, the nutation angle is expressed:
2 . ' ‘ 2
6’2 = [qO/(l‘ +IL):] e;.r_p[ -~ t/2 + 1(r +Q )t] - 1

Because this system will be slightly asyameiric, this

converges {Lo an apparent wobble angle of'qo/(r +80).

In = laboratoery test, with @ = 3eps, c/cc = 0.5,
— . 2 - - ) . r . . i -
cun/r = 1.1, mh*/A = 0,00135, and an initial spin of

3 cps, all nutation damped out in 0 sgec., See Fig,TIT-12,

e

Parallel to Spin Axis

Such a damper is inherently wnbalanced. The nu-
tation angle is a decreasing exnonential wiith a super-
impoesged convergeni oscillation., Again, however, the

apparcnt residual wobble is small {21], The damper

-is not on the gpin axis.

G. Epherical

A pendulum pivoted in a ball and socket and immersed
in & fluid woas mounted on the despun poviien of 0S50 [G].
However, it will work for a single body sctellite for
C/j"l. = ].-



If P, = (C/ﬁ)¢ and ¢ is the_damping cons twnt o

the fiuid: -

r : ’;Ac/hp‘ 2 '2
For resohance:

,(Q/A)g’z 1}745(T1d)%/(mf3 + 2.fG(mfu2)%‘
where .Z is the pendulﬁm 1eng§h, Id jis the dJ pelra

roment eof inertia cf {he pendulum wire, and s is the

transvers ra dins of gyration of the hob,

Forr 050, there was no cvidence of nutation Tor
£000 orbital passes.

Mass--Dum Syston

This is another SyStom deviged hy ?crlel L?G]
and conciots of tWo masses Strung on wires wiieh are
Wrwnnﬂo qvuuwu a darum, THA drum is conneected to the
main bo*y cono{utrlu with the spin axis by a tortiona
spring-danper system, Vhen nutatien occurs, there is
a restoring torgue duc to the relaiivo defiection of

the wires in addition to energy diss inatien in the

]

dampers. Fig,I71-13,

Exmerimental work cn a lab medel indicated this

system woas capable of domping the nutatic on of o Pro-

late beay, OF ceoursc, if the cables viere long enough,

the actnal polar ineritia mement could e greater than
that of the prelate main body alone, pogsibly greater

than the irangverse noment of incriia,

46
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O

Pig. T1Y-13: Masszs—drun nutation damper and
: spin rate control,



Another possibility along these lines would be

{o dispense with the drum, meunting masscs on damped

springs on the ouiside of the spacceralt, opposite
each cther, In this case therc would be no direct

coupliug ¢f the motion of the two Ganpers,

Magnetic Damping

T,

One method is used to align the gpin axis of a

epacceraft along the loecal external magnetic Tield,

A strOng,,pefmanent m&gﬁet,is mounted in the Spncem
craft along the axisg, This method was used in
TRANSIT 1B and 2A. The sgin had t6 be reduced to
below Oai_rpé. Otherwise, the oblate spacceralt
could haﬁe_overcoma_the magnetic toygue and dssumed

an attitude Tixed in svace [13].

Energy dissipation also comes aboui tbrough ed-

dy currents and naguetic hysiercsis, I a rod is
rotating about a transverse axis perpendicular to ithe
external field, the component of the field along the

rod is o functicn of time, and thus ihere must be an

induced curirent, This eddy current causes heat to

be radisted duo to the resistanince of tlie menbers,

IPor a spacceraft of pelar monent €, n mmber of peri-

eable rods of volumae V and diamcter D, and spinning
; ci-Ticla—inrtially-at @, 1

+ 0‘

7
-
1

) ==(ﬁ6

o -

>
T Px

k= 6.20w (3 %) v x 107  ergesee

34
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wvhere O separation effcet due 1o distance between

rods (o = 1 foree)”

resistivity of rad (ohm-cm)
r

P%
(B

B

0 : , ' .
“)e = averasze of sguare of maximun £lus

density over entire length of rod fov

. 2
one orbhit (Zauss),

Mysteresis danping ig due to the {riction between
the magnetic doumains in the spacecraft, This results
in & linear damping, ' '

Note that in ll of the above, ihere are extornal
torgues, and-angular ORI islnot conserved,  Sinee
there are energy losses, however, they can be applied
-to'nutatidu damping. The latter two meﬁhods‘will gen-—
erally caust cnergy loga ne matiter whait the ovricenta-

tion of the satellite is intended to be, fixed in space,

In general, the nagnctic torgues are disturbonces

that must be overcome by o¢ther nutation Gampevs, and

thus are beneficial only for spin removal and align-

ment with the locel magznetic field.,

Gravity Gradient

A5 in the above, this can be uscd for nutation
danping only wien the #pin ie very low, and the spin
axis {always a prelate body in this case) oriented

tovward cavih, Vor this type of spaccerait, no spin

is ugually desired along this axis, In satellites



o
2

not meant to be gravity gradicnt stabilized, it is a
disturbance to be overcome by the nutation domper.

{20,327,

N - . - M : 3
SAccording. to Themson, the torgue on a satellite

with svin axise perpendicunlar to the orbital plane is:

L= 3874 - 0)0,

where C% = deviation of spin axis from normal to or~-
bital plane towards carih (small)
e/, = orhital angular velocity

i

and L is about the axis tangent to the orhit. Condi-

ﬁions for stability are delined in terus of:
n/2a® = Wl-sn - (1 =A% ]+ (G/@) (A s D
SA(5 /0P (1)

ol = 4% 4 B /IO + Dl /e (04 1P

@1 = gpin relative to the tangent to the orbit

2

For stebility:  b°/2w,% < 0
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K. Structural En crey unonpairun

No structure is periectly rigid, and the accelora-
tions on o precessing spacecraft will cause energy logs
through mechanical hystceresis, Usually, huuovor part
or pértﬁ of ihe aceeralt can be considered rigid with
energy.disanhtjau OﬂlY from the relatively flexihle
partis, such s anteniae - or solar pancels., Two cxamples

have been worked by Thomson . a1 331,
. . " A

Ve have alrea ady shown that, for no e tcrnul 101@%Lv-

T = (i YA iﬂt9 ces @ )@
for an avic syrnmetric body,  Phe energy loss per cyele of
stress per unit volume is

p 3
8 o~ /in
where 1 is Young's modulus, o’ the norma’ stress, and g

o

the hysteresis Ffactor, Integrating ths over the whole

structure, for period of utIGSS O‘le1ub10ﬂ iyt

S(gof /2nt )uv =

Considering an aritrary pnjnt on the spaceeralt
at coordinntes (V X), we can co vpute the accelc ration
at that po _lt,_hﬂiuh is the excitation, 7T é 1s con-
paratively small: -

—tu

0]

i
—
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5
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&
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=
~
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) = lzﬂiﬂf9(005f9 f - sin;aﬁ)
A HEf 1
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Note that (x, z) doeg delince an arbitrary point
in the spacecraft, not restrid¢ted to one plane, be-
.cange of the axisynmetry, I the relative motien of
the points on the spaeecfaft can he consiﬂeréd small,
the acceleration at a poinit isg:

B =Wx(EXL) + B x 2

- A <1 .
where £ = i o+ wnl.

For an example, lei us assume that the elastic
part of a spacecrall serveg only ihe function of en-
ergy dissipation, and the defleciions cause no changes
in the inertia. The satellite in Fig.I1T-14 consists
of two dislkis, ecach of inertia Cl and Al’ and mAEE Ml’
_cpnnected by a Flexible tube of radius ¥ and length
2.2, The gyroscopic moment required Ly each disk is:

. . " L4 ..', .’2' 4 ~
L, = Ci{¢ + ¢ eos® )y sing - Ay¢" gind cos8

and C :7561

2
= 2 M AT
Ar ‘EFAI =,Li )

7

Then L = Mif " sin& cos&
The mement distribution is lincar:

IJZ' = Lg'{.’./,e

end thus the maximum siress is:

where T is the croess—sectional moment of ineriia of

b

the tube,  Substituting thegse into the energy dissipa-

tion cguation:
A N Aa y 2 - 2 =l f X 4 L * ’ L
& = (g/24y W)QLLTx /T)T(V/C)(C/8) @0" sind cos“@

- . 2
= K ¢inl cos®¢ . o
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Fig, 17J-14: Structural energy dissipation example,

N

é/K

Irig. TIT~15: Variation in rate of tumbling.



This is showh in Fig.¥YI-15. V is the volume of the

o
slregsed material andcﬂo the initial angvlac velocity.

If A >> (¢, much as for a missilo:

-t ’ - /\
a = eab?x(c/ﬁ) sin® coo® suty a, Hie

"-1

1T we consider the ineriia of the deflccted mem-
bers, resonasnee is ohserved. FigeIIImié 5hows‘a cylin=-
dricel spacecrafi of radiuvs R, with four beamgﬁof
length.¢, 17 the elastic deformatious w(?,t)'ére as--
sumed small and in thc % dircciion enly:

Oty m & i i
EY =——r = aw’E
af £ 2t°
vhere m and I are the mags and cross-~geciional monents
of incrtia for the beams. This gives:
. %

6 = K, 8in€ cos @ /L(1-¥?2 Co ? (Q/EN) ]

K, = 16 Cmylsty By + 1)2@ /mug Qi?

)
n

(1 - c/a)w /0

I

111 = first natuvral frequency of beams

Also, =<4 andf31 are tabula in {37] . This i shown
graphically in Fig,IIIm17, ich clearly shows regon-

ance eflocty, The.enveloﬁe of this curve is the zone

chove. oz the cwrve in g ITT-~15,

Py

4.4



Fig. I11-16: Sstellite with four elastiec beams.
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Semipazeive and Active Systens

A B

’ >
Sueh sysiems will be mentioned here only in pass-
ing. Active systems have energy sources activated
either by on-hoard gfensing equiynent or ground command,
semipassive have energy sources that either remain

constant or reacli naturally to atiitude cha ngc

‘Oscillating Mass

This was proposed by EKanc and Sobala [19], Two
nasses, Glamctrically oppoesed, are for ed 'to cscillate
S

back and forth aloﬂg the spin axis at ccn,uwnt fsequcr«

cy. The spin axis (axis of symmeitry) is normal to the

orhital plene, This is pable of maintaining dbtibude

at very low apin rates
Dual Spin

The .:,(,n'*l‘dl reasening behind dual spin spacecraft
wilh despun damnpers was most recentlywowiiimcgubv:q
Tonkin {Ed], Fig,.1v-1. chows the poq-t1on of & rela-

]
tive to II for oblate and prelate Dodies. Ye haa‘cwh

anECﬂp as the components of & parallel aj-norqu,to ﬁ,
respgéﬁive1y¢,”Note_ihat;ihﬁ,m%hin‘czehweaﬂew15w0pp0u
site in sign; An internzl torgue to reduce nuiation
mist be of zero avereage value (11 con:cr”cdj 2240 remove

encrgy for oblate bodies or injeot’ it feor prelate, The

firet requivement weaus {hat ihe requiicd torgue is



Torgue
required

4

2

Toroue
reqgquired.

{(h) Prolate spacceralt.

fieg, IXI-1: Torques requircd for damping.
! ! : ping
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nprmal 10 ﬁ'unﬂ spinping with @ in dnertial spoace.
Since power is the scalar prodict of toerguoe and an-
gular veloeity, the torqué required must be epnogite
mﬁ For obhliate Dodies and of the same sensc ﬂStUéfOT

prolate bodies,

Yhe torgues produced by 2 damper dissipate ener-

gy, thus the compenent normal to Ii is opposite .

Theve is also a component aleng the cpin axis, thus

changinglthe spin of the body upen which the dampoer

-is mounted, If the damper is despun, ithe motor must

compnensate for this speed differential. This is the

sowrce of energy injection for the prolate body. Seve

eral references are presented in the biblicgraphy.

- As-was shown before, eddy curreits induced by the
carth's maghetic field can causze torguocs on & Space-

craft. This caon he overcome by gupnlyving a torcuing

~eoil vhose axis iz nornmal to itbhe gpin axis with a cur-

rent. 180 degrees out of phase with the externally in-—
duccd ¢ [14]. The

other ceil vwhose axis is parallcel to the spin axis.

3]

spin axis can be oriented by an-

by

The current in this is switched on and eff, and the
torsue being a sinuscid wivdle on, to give %ero average
torgue on one transverse axig, and a resultant torgue

on the oihes,



n.

Jet Pulse

Anotlicr methed of supplyinge torque is to activate

[a=]

b

a single atiitude motor aligned parallel witlt the spin
e

axis. The nulsing is controlled by an on-hoard nuta-

tion sensor, firing when the meior is inside the body

cone [15].



V. Bivdliography

1. Ames, J., and iMurnaghan, ., Theoretical Mechanics,
Dover PUﬂllchIDWu, inc,, N.Y., N.Y., 1929, p.217T,

2, Aysche, X,, and Lynch, R., "Annlysos of the Perrformance
of Liguid Deumpers for Nutation in Spacecralt," Journal
of Spacecraft and llockets, 6; 12, Dec. 1969, p.1385,

3. DBainum, P., Fueschel, I'., and Mackison, D., "Motion
and Stability oi a Dﬂ?l-SpinkSaLellite with Nutation
Damping, Jou;nal OL Spnacecrali and Rndkets, 7;6, June
1970, . 690

4. Barbier, Y., Reynaud, I,, and De Samiville, B., "“hevel-
opment of a Family‘of Ball-Type Nutation Dampers,'"
Bendis chhnlta] Journal, vl, Spring 1968, p.99

5. Carrier, G., and Miles, J., "0n the Annnlar Dumner Ior
for a Preely Precessing Gyroscone," Jouwrnal of nu1|cd
Mechanics, ve7, June 1960, p.237.

6. Cartvright, W., Massing 31] ., Truebloocd, R., "Circu-
lar Constraint Nutation Dampers," ATAA Journal, 1;6,
June 1963, p.1375. . '

T, Cloutjer G, "Vutdtwon Damper ]ngtd311wty ot Sp1n~

Stabilizoed Sphcecraft, AI&Q Journal, T;11, NOY, 1969,
p. 2110. -



9.

10,

11,

14,

15,

Cote, R,, Bkstrand, M., and O'Neill, M., "Attitude
Control of Rotntln Satellites, " ARS JOHFHQ1, Ocet.
1ubl' Pa 14T,

Craig, B., "Wutotion Damper for 050," Astronautics

and Aerveosnace Ingincering, bec, 1963,‘p¢50.

De Bra, D., "Principles and D>V010uiﬂmt° in Passive

Atitude Control," Receni Develonpwenis in Spant

Flisht Mochanics," Américan Astronautical Sociely,
ashington, D.C., 1966, p.159. ' ;
piemel, R,, “ocnaulrs of the Gyrescope, 7} Macm1}1up
co., N.Y., N. Y., 1929, .68,

De Lisle, J., Ogletree, E,,fauﬂ Fildebrant, B., -"mhc

Applicatien of Gyrovtabilwza {0 orbiting Vchlc1es,
jj_g__;"wq}l;__ and Altitude Sensing in Berih Satellite
Acadenic Press Inc,, N.Y., N.Y., 1564, p.31.

Figchell, R., "Magnetic Damping o the 1n;w]ar slotions

of Farih Sateilites," ARS Journal, Sept. 1661, ».1210,

Grfsshoff; L.,."A Method Torvr Controlling the Atlitude
of a.Spin-Stabilizred Satellite," ARS Journal, May 1961,
n, 646,

Grasshoff, L., "An Onboard, Clozed-Loop, Hutatioen Con-
trol System for a Spin-Stabiliszcd Spacecraft,” Journal

of Snaceccervait and Nockeis, May 1968, p.530,



16.

ig8.

20,

21,

29,

23.

Hageltine, VW., "Passive Damping of Wobhling Satelliles
Lo B
General Stability Theory and Bxample, _Jout111 ol the

—ma miwmed P

Aerospace Sciences, v29, May 1962, »,543,

Iaseltine, VW., "Nutatjion Damping Rateg Tor a Spinning
Satellite," Aerospace Inginecring, 21;3, March 1962,
.10, '

Hughes, ¥,, "Nutational Stability of Multi-jody Spin-
Stabilizced Satellites " Royal Adrcralt Bstablishuent
Pechnical Ecpaft 67009, Jan,, 1967

Kane, T., and Sobala; ., "A New Method for Attitude
Stdbll sation; “"AYAA Journa&; 1;6, June 1963, p.13656,

Xene, N., HJPth E., and -Wilson, W., "Lettier to the

Sebt. 1e62, p.lOoc

Editor," The Jeurnal of ihe Astrenautical Scienoes,

uebler, M., "Gyf}wooﬂic Motion of an Unsymmetrical
Satellite Under Mo External Porces," NASA-TN=-1=506,
July 1060,

Landen, V., and Stewart, B., "Nutational Stability

of an axisymmetric Rody Conteining a Rotor," Jowrnal

of Spacecralt z2nd Nockets, Nov.-Dee., 1964, p,682,

Newkirk, 3., Heoscltine, VW,, and Prati, "Stehility of -
RotwianT Space Vehicles, " Proceedings of the ING,
April 1960, p.T743. '

Lo




24,

)
A

26,

27,

-
oo
°

30,

31,

Nord-Aviation, "Etude sur la Comparison ' Amoriisseurs

ge Nulation," All-940-030,. Dee. 18065,

Perkel, ., "Tirvos I Spin Stabilization,” Astroenautics,
June 19690, 1.38., '

in Astronsutiesl Scicnce, Vel. 4, Plepum Tress, Hic.,
N.Y., N.Y., 1958, p.173.

leiter, G., and Thomsen, V., '"Retaticanal Motlion of Yass-

ive Space Vehicles," Torgues apd Abtitude Sensing in

Garth Satellites, Acedemic Press Tue,, N.Y,, N.Y.,
1964, p.l. '

Roberson, N., "Torcues on a Satellite Vehicle Irom Inter-
nal koving Parts," Jowrnal of Anplied Meghanics, June

1958, p.196,

sehneof . A.., "Tiros I,1I,and T1T - Design and Perform-
£ H 1 - H 3 ]

ance," Aerospgce Engincering, 21; 6, June 1962, p.34,

Sen, A., "Stability of a Dual-Spin Satellite with a

nour-Mass Nutatien Damper," ATAA Jowrnal, &3 4, Apr. 1970
7 X 3 b 1 ] 3

LE22,

Therzon, W., and Reiter, G., "Atiitude Drift of Spoce
Vehicles," 7; 2, _The Journsl of the Astropauvtical

Scicpces, 7; 2, Feb. 1960, p.29.




32.

%]
o]
fah]
on
I

0
=
. -

37,

Thomson, W., "Spin Siabilization of Attitude Agninst

Gravity Torgue,” The Jouwrnal oi the Astronountical

Sciences, 93 1, 1962, p.3L,

Thomson, W., Initroduciion lo Swvacce Dynamics, John

Wiley & Soens, inc., 1963, -

Th01\0n We, and Neiter, G., ”“otlon of an Asyimetric
Splnning Body with Internal DJSSﬁn&LlGR," ATAL Jouvrnal,
1; 6, June 1963, p. 1420,

Tonkin, S., "D@Sﬁun Nu uutLon Daapers on Sp]hFI} Sate
ellites,® "JBIS, v.23, Oct. 1970, p.66L,

apd Soiith, W, , "itinal Rﬁnort on Study

a
of Vigecons Liguid Passive Vobble Damn rs for Spinning

Satellites,"™ Space Technoleosy Laboratorics Report

H
i
i
13
'

Coiombo, G., "On ihe Moticen of Explorer XI Around its
Center orf VJJ”, Yorgues ond Attitude Sensing in Borth

B L JEPNORVI Mo i

, NLY,, 1964,

Satellites, Academic Press Tuc., N.Y,

P.1IT5H,-

‘Leowu, H., "Spin Dynamics of Nockets and Space Vehieles

2

in Voconum, " lochnfr 2l Nepoirt TR-58--0000-0078, Space

Teehnology Laborateries, Inc., Sept. 1959,



PRECEDING PAGRE BT.ANE NOT FIT¥MTD

6.3 EFFECTS OF A TOROIDAL
LIQUID NUTATION DAMPER MOUNTED ON A TRANSVERSE
AXTIS OF AN AXISYMMETRIC SINGLE~-SPIN SATELLITE
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ABSTRACT

In this paper, an attempt is made to discover the
perameters relevant te the performance of a toroidad
liquid nutation damper mounted with its axis alons o
transverse axis Of'd sinzle-spin satellite, Smabl Qe
itial values of the nutation an-sle (c;lﬁo) WOrO e mnned,
By describing dissipatiuh of eucrey by the Tluid, o
time constant for the nutation an=le is Ffound s o T

[
ERIN

tiou of a Bessel function of compleXx arsnent,

i



NOMENCLATURE

Small radius of torus

Radial coordinate within torus

Function of a, only

Constant

Magnitude of angular momentum of satellite

ﬁnit vectors along transverse axes of satellite
Unit vector alomg spin axis |

Momehts of inertia with respect to transverse and
gpin axes, resﬁeétively

(-1)*

Bessel function of ordef Zero

Kinetic energy of satellite

Arpgument of Bessel function = a*(jéyyﬂ%

Large radius of torus

Surface area of céntrol volume

Time ‘

Function of time only

Fluid velocity

Fluid velocity at wall (a, = a)

Complex fluid velocity for two dampefs

Yolume
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Work done on fluid

Angular velocity

Precession angle

Spin angle

Fluid density

Absolute viscosity
Kiﬁgmatic viscosity

Sheér stress in fiuid

Time derivative except for T
Derivati#e for A and T

Magnitude of complex ( )

Angle of nutation



The minimum energy condition for a spinning'
aﬁisymmetric body is when the angular velocitly is a-
ligne&'w1th the axis of maximum inertia. When there
are no external torques, the magnitude of the angular
momentum,

2 2%

H = (Itzth2 v @) 4 LW, )%

b
is constant, Values for w, and m& exist when the nu-
tation angle is not zero. HHere we have assumed the
14 .
momentum of the damper to be small. We also have
B 2 2 2

2K = It&yx +§wy ) + Izm%
as twice the kinetic energy, again assuminc the motion
of the damper small., If the nutation ancle decrecascs
slowly, we have the angular velocity in the satellite
frame given hy

. - . . . ) . ,.,.
@ = 1x(yz sind sing) 4 ly((f sin @ cos?)
” . [
+ lz(? + ¢ cosO ) '

and the precession speed,

¢ = 1@ /1, cos6 =I/I,.
Combining these equations rcives
' 2 g2 , P

0 - 2K1t = (II /Iz)(IZ ~ lt)cus o
If there is ene?gy dissipation, as with a damper, H

remains constant while K decreases, Thus (35),

K = (Hz/ltlz)(lZ - It)(SiHQ cos 8 )é .



'

With a liquid damper, enerzy dissipation occurs
because of viscous elfecets, bein:t represented hy the
time rate of work done on the Fluid by the wall of its
container (2},

W o= SST‘-V ds

2
d v
‘d_va??dv

= «K
The damper is illustrated in Fig.i. From fhe
above, it is seen that the velocity distribution of the
liquid must he found. Assuming @hat a“lrt, the veloc-
ity of the tube wall relative to tire 1tguid is given by
a = T, or
v, = rtgf' sin@ singp .
It 1s assumed that the velocity will be enﬁirely tanren-
tial to the torus, and pressure variations due (o cen-
trifugal body forces are small., Thus the fluid momei-
tum differential vector equation (for a particular 8),
Pt’)v/at = -7P +,uv2?,
becomes Pav/ét :;&VE?,
nr, introducing the Kinematic viscusity 2/:/&/f,

av/at=:yv2v,



In cylindrical cocrdinates; this is

oV _ ¢ 9 (a.2Y )
at - a')l' Z-E-K- %ﬁii‘ ‘

Assuming that the solution is a product of a function

A of a, only, and T of t only, we have

AT

t

T(a,Av)'/a,,

T(A' + a,A").

or a AT’
If transientsg due to initial conditions are considered
to damp out - -quickly, the timé function will be in phase
with v_. Thus we let T = sing . Then,

a,A@cose = # sing (A" + a,A") .
Rearranging terms result in

a,A" + A' - (p/¥)cotp a,A = 0,
which is rather difficult'to solve, The coefficient in
the third term is a function of tiﬁe; it cannot bhe aver-
aged ovér one revolution for ? to zive a constant, fﬁr

cotg@ hag wvalues of infinity.

A simplér model may be had by assuming we have
anéther damper, identical to the first, mounted on the
y axis. Then we can represent the rotation of the
transvefse component of the angular velocity vector us-

ing complex variables, Since

@y

@y

7 8in® sing ,
14 1

.

¢ sin & cos @,

#



anda e 9% = cosg - } sing ,
the velocity component in the xy plane can be described
by a phasor, _

; - _ -J

jo —oy, = e 7,

2 2.%
where @, = ™ + @y A

= ?sin@

is the phasor magnitude.

since we now have the term e~ 3% as the excitation,
we let this be equal to T2 . Then,
PO Y
T, = =ipe ot = —3pTy
and the equation for the fluid velocity position depend-
function A becomes

a%A“ + A' + (jf}t’)a*ﬁx = 0 ,

or a*2A" + agAt «+ (jﬁ)y)a%zA = 0
This is a cdmplexrnessel equation, the solution of whieh
is (1)

A= CIg(a) .
where q = a*(JéﬁV)%
and C is a constant, which may he Tound by examining the
velocity at the wall, which 1is giﬁen by

- - -3¢
Vao = ~Tylge .



If we define A at a, = a as Jo(qa) where

q, = a(Jé/w)%

then C = rtm&Y/Jo(qa)
Thus we have '

Vg = AT, = v (J(q)/3 (g, ))e ¥

Using this expression in the integral for work done
on the fluid wili.result in a complex function. This
would represent two energy flows for dissipation, ninety
degrees out of phase with each other. Averaged over one
revolution for ;9 v the workkdone could bhe represented by
the magnitude of the complex work. Also at this point we
can. say that this is twice the energy dissjpation‘rate

for a single damper, Thus for the single damper,
e
Alwzl
d 2
= B :
= gt g V%f'vzl Vo

8 ( Ira. -jpf2
g dat S.Vlrﬁpxy(Jo(Q)/Jo(Qa))e P QVE

i}

i

1]

2 2. a
Pry @xy ©

4|J0(qa)‘2 0

it

IJG(q)e”J?’2(4Wrtj(2na*)da%

!

8 v 2 igp,. o (2, 5
29Ty, Dy ﬂ%?le /Jo(q“)] .SotJU(q)I 1
At any instant,

‘e"j?lz = 0082? * singv>x 1‘



Making this substitution, we have

o 3. 22, -3 (2
W‘u-zfrt @%y n 71J0(qa” 5

. I.In( q_)l 2;1*(3{1*

For a given value of 6 , we have

¢ = T,@/(T, - I_)cos®
and @ = 7b+ ;9 cos &
Thus @, = ? + IzéV(It - Iz)

pll + I/(1, - 1,))

ft

?It/(It - 1,)

Also,again for a particular © with @ small,
tane = Ithy/lzwz

Rearranging terms gives

cwxy = m&(IZ/It)tane

Substituting the relation between @ and ? y we have
wxy = ?(Iz tane )/(It - IZ) .
If we assume no external torques and the momeniim
of the damper relative to the satellite main body small,

the Luler equations for the satellite are

0=1@ + (1, - It)&%ma 1
0 = If@y - (Tz - lt)m&m%-,
and 0 = T @ .,



Thus we can takecvz constant during the damping action,
and therecfore ?, @, and @y may also be held constant,
Note that this requires that HX and Hy be small compared
to Hz’ thus meaning & is small (¢42°); therefore

sin @

n il
= D

'cose
and tan® = &

The egquation for %%V is then

and substituting this into the expression for W,
| 3,2.3. 2,2 a
2??y nTetL, 2

v
(1, - Iz)zlJo(qa)!g 0

lJO(q)fga*da* .

Also, the equation for K becomes
W _.,2 ]
K = (B /ItIz)(Iz - It)ae .
But, for small @ ,

.H = Izm% =f?TtIZ/(It - 1) .

2
. I.I I -1 .
Thus K = [1 E ? 1 [ ? i -J &6
1 Z t 7 j
=¢@br, 1 /(1, - 1) .
Setting W o= —ﬁ, we have
. 2frt3n21265b & 5
gezt = IJO(q)l a,da, s

(1, '.Iz)!JO(qa)lz 0



3 2 . a

. 2er ., "R7I @

or § + Pl ” = 5 lJO(q)|2a*da* D= 0
T (T, - Iz)lJo(qa)[ a

The term in brackets is almost constant for small nuta-
tion angles, and is thus the inverse of the time consiant
for a decreasing exponential solution. Thus

& =8, exp(~t/t )
= 2 rtanzIz ¢ ?

T (T - Iz)130(qa)i2 0

where t !Jo(q)l ayday

and Gb is the initial nutation angle. This may also be

expressed using. the approximation for angular momenium by

t-l =-(2r

3 2 2 o (2 p) '
3 a,da, .
. /1 7 |9gtay)) )So,"’(ml Lyt



Fig,

2.

Coordinates within damper.
as actually ro>>a,

Not

to scale,



10.

CONCIL.UGSION

The above is valid for small initinal nutation an-
gles for an axisymmetric singlc-spin satellite. Values
fof complex Bessel functions may be found in references
3 and 4. However, these are good only for Bessel func-
tions in which the hagnitude of the complex érgument q
is less than ten. However, the best liquid for use in
the damper is mercﬂry because of its higﬁ'density; its

6

kinematic viscosity is (0.3)107 ftg/sec at 75°F. Since

q 1s inversely proportiohal to the square root of 2/, its

2 or 10350r reason-

magnitude will be on the order of 10
able values of ?’. Bessel functions for complex argu-
ments of these magnitudes have not bcen tabulated, and

must be calculated.
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CHAPTER 7

General Conclusions

As a result of the present study, equations of motion and
computer programs have been developed for analyzing the motion of a
spin-stabilized spacecraft having long, flexible appendages. Sta-
bility charts were derived, or can be redrawn with the desired accu-
racy for any partic?lar set of design parameters. Simulation graphs
of variables of interest are readily obtainable on line using progfam
FLEXAT. Finally, applications to actual satellites, such as UK-4 and

TMP-TI have been considered.



